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M 4.0A.A | Use the four operations with whole numbers to solve problems.
[ 4.0A.B | Gain familiarity with factors and multiples.
4.0A.C | Generate and analyze patterns.
[0 4.MD.A | Solve problems involving measurement and conversion of measurements.

Welcome to the UnboundEd Mathematics Guide series/These guides are designed to explain what new, high standards for mathematics
say about what students should learn in each grade, and what they mean for curriculum and instructionThis guide, the first for Grade 4,
includes three parts. The first part gives a “tour” of the standards in the Operations & Algebraic Thinking domain using freely available
online resources that you can use or adapt for your class. The second part shows how Operations & Algebraic Thinking relates to other
concepts in Grade 4. And the third part explains the progression of learning for multiplication and division of whole numbers in Grades K-
5. Throughout all of our guides, we include a large number of sample math problems. We strongly suggest tackling these problems
yourself to help best understand the methods and strategies we're covering, and the potential challenges your students might face.
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Part 1: What do the standards say?

In Grade 4, the Operations & Algebraic Thinking (OA) domain describes some of the important expectations around multiplication and
division and problem-solving. The domain is composed of three clusters and each cluster has associated standards.

The first cluster in the OA domain is part of thamajor work of Grade 4, as indicated by the green square! Teachers should spend a

large majority of their time teaching major clusters. The second cluster is a supporting cluster (blue square), and the third cluster is an
additional cluster (yellow square). Supporting clusters enhance the focus and coherence of the major clusters, and additional clusters
are important but do not carry as much instructional emphasis as the major work. While we will focus on the OA clusters in this guide, it's
important to note that the clusters in the Number & Operations in Base Ten (NBT) domain are tightly intertwined with the OA clusters.
The NBT standards describe the place value strategies and articulate the size of the numbers being multiplied and divided in word
problems. It’s likely that a carefully sequenced curriculum map will begin with both OA and NBT standards, as the skills and ideas related
to multiplication and multiplicative comparison described in these two domains play a role in many other parts of Grade 4. However,
since the NBT standards are fairly extensive, we will discuss them in a separate content guide.

The other cluster discussed in this guide comes from the Measurement & Data domain. This is a supporting cluster, and the standards in
this cluster can help students deepen their understanding of the standards in the OA clusters. We will talk about these standards in detail
in Part 2.

It's important to note that the clusters, and the standards within the clusters, are not necessarily sequenced in the
order in which they have to be taught. (Standards are only a set of expectations of what students should know and be able to
do by the end of each year; they don't prescribe an exact sequence or curriculum.) So planning your instruction sequence carefully
can ensure your students continue to build on previous understandings. As we go, think about the connections you see between
standards, and how you can use these connections to help students build on their previous understandings.

Throughout the guide, we'll look at many examples of tasks and lessons that focus on students’ abilities to make sense of problems and
persevere in solving them (MP.1). As students are exposed to varied contexts and problem types, they will need to think carefully to
understand each problem and develop an appropriate solution method.

The first cluster in the Operations & Algebraic Thinking domain has three standards and is about multiplicative comparison and
problem-solving. Let’s begin by reading these standards, and then we’ll think through what they mean and how they look in practice.

M 4.0A A | Use the four operations with whole numbers to solve problems.

Operations & Algebraic Thinking: A Guide to Grade 4 Mathematics Standards www.unbounded.org 4



M 4.0AA1

Interpret a multiplication equation as a comparison, e.g,, interpret 35 = 5 x 7 as a statement that 35 is 5 times
as many as 7 and 7 times as many as 5. Represent verbal statements of multiplicative comparisons as
multiplication equations.

M 4.0AA2

Multiply or divide to solve word problems involving multiplicative comparison, e.g., by using drawings and
equations with a symbol for the unknown number to represent the problem, distinguishing multiplicative
comparison from additive comparison.*

M 40AA3

Solve multistep word problems posed with whole numbers and having whole-number answers using the four
operations, including problems in which remainders must be interpreted. Represent these problems using
equations with a letter standing for the unknown quantity. Assess the reasonableness of answers using mental
computation and estimation strategies including rounding.

*See Glossary, Table 2.

Multiplicative Comparison

In Grade 4, students continue their study of multiplication and division of whole numbers. They continue to work with multiplication and
division situations involving equal groups, arrays, and area, which were emphasized in Grade 3. (Ill 3.0A.A.3, Il 3.MD.C.7) However,
new to Grade 4 is the concept of multiplicative comparison. (ll 4.0A.A.1)

Multiplicative comparison involves comparing quantities multiplicatively instead of additively something students have been working on
since Grade 1. (Il 1.0A.A.1)

Multiplicative comparison Additive comparison
“My friend has 2 apples and | have 10 apples, so | haves times “My friend has 2 apples and | have 10 apples, so | have8
as many apples as she does.” more apples than she does.”
2+_ =10
2 x =10

In additive comparisons, the underlying question is: What amount would be added to one quantity in order to result in another? By

contrast, in multiplicative comparisons, the underlying question is: What factor would multiply one quantity in order to result in the other?
2

Students learn to make the distinction between multiplicative and additive comparisons throughlots of practice. They should continue to

build on their experience with additive comparison problems (e.g., with multidigit whole numbers(ill 4.NBT.B.)4). Similarly, they should
engage extensively with multiplicative comparison word problems where the unknown is all positions. (ll 4.0A.A.2)
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With respect to their previous experiences with multiplication, students should understand that multiplicative comparison is different
from equal groups multiplication. In addition to understanding that 3 x 6 = 18 can be interpreted as “3 groups of 6 is equal to 18,
students can also interpret the equation as 18 is 3 times as many as 6 or 6 times as many as 3. (ll 4.0A.A.1)

Multiplication and division problem situations

The table below shows the different multiplication and division problem situations students should master in Grades-5. Of particular
importance in Grade 4 is the “compare” row; the three subtypes describe multiplicative comparison situations. It will be helpful to spend
some time digging into all of the different problem situations shown in the table, as we will refer to them extensively throughout the rest
of this discussion.

Many of us have learned that solving word problems involves finding “key words,”— words like “more” and “total” tell us to add,
while words like “fewer” and “less” tell us to subtract. But what about a problem like this:

Lucy has six fewer apples than Julie. Lucy has eight apples. How many apples does Julie have?
The “key word” in this problem, “fewer,” actually hints at the wrong operation; subtracting will not result in the correct answer.
A better way to help students with problem-solving is tohelp them think situationally about the varied contexts. Using word

problems to create meaning for operations helps students to better understand how to apply operations.

Common multiplication and division situations (1)
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EQUAL
GROUPS

ARRAYS (2),
AREA (3)

COMPARE

GENERAL

UNKNOWN PRODUCT

3x6="7

There are 3 bags with 6
plums in each bag. How many
plums are there in all?
Measurement example. You
need 3 lengths of string, each
6 inches long. How much
string will you need
altogether?

There are 3 rows of apples
with 6 apples in each row.
How many apples are there?
Area example. What is the
area of a 3 cmby 6 cm
rectangle?

A blue hat costs $6. A red hat
costs 3 times as much as the
blue hat. How much does the
red hat cost? Measurement
example. A rubber band is 6
cm long. How long will the
rubber band be when it is
stretched to be 3 times as
long?

axb=7

GROUP SIZE UNKNOWN
(“HOW MANY IN EACH
GROUP?” DIVISION)

3x7=18and18+3=7

If 18 plums are shared equally
into 3 bags, then how many
plums will be in each bag?
Measurement example. You have
18 inches of string, which you
will cut into 3 equal pieces. How
long will each piece of string be?

If 18 apples are arranged into 3
equal rows, how many apples
will be in each row? Area
example A rectangle has area 18
square centimeters. If one side
is 3 cm long, how long is a side
next to it?

A red hat costs $18 and that is 3
times as much as a blue hat
costs. How much does a blue hat
cost? Measurement example. A
rubber band is stretched to be
18 cm long and that is 3 times
as long as it was at first. How
long was the rubber band at
first?

ax?=pandp+a=7?

NUMBER OF GROUPS
UNKNOWN (“HOW MANY
GROUPS?” DIVISION)

?x6=18and18+6="7

If 18 plums are to be packed 6 to
a bag, then how many bags are
needed? Measurement example.
You have 18 inches of string,
which you will cut into pieces
that are 6 inches long. How
many pieces of string will you
have?

If 18 apples are arranged into
equal rows of 6 apples, how
many rows will there be? Area
example. A rectangle has area 18
square centimeters. If one side is
6 cm long, how long is a side
next to it?

A red hat costs $18 and a blue
hat costs $6. How many times
as much does the red hat cost as
the blue hat? Measurement
example. A rubber band was 6 cm
long at first. Now it is stretched
to be 18 cm long. How many
times as long is the rubber band
now as it was at first?

?xb=p,andp+b=7

(1) The language in the array examples shows the easiest form of array problems. A harder form is to use the terms rows and columns:

The apples in the grocery window are in 3 rows and 6 columns. How many apples are in there? Both forms are valuable.

(2) Area involves arrays of squares that have been pushed together so that there are no gaps or overlaps, so array problems include

these especially important measurement situations.

(3) The first examples in each cell are examples of discrete things. These are easier for students and should be given before the

measurement examples.

Source: CCSSM Table 2

In Grade 4, students use multiplication and division to solve word problems in situations involving multiplicative compariso

AOAA2

These situations are described in the third row of Table 2; take a moment to focus on those subtypes,as they are at the heart of our
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work in Grade 4. Let’s take a closer look at them now.

Compare problems

The following task shows an example of each of the compare problem subtypesdescribed in the table above. The unknown is in a
different position in each problem
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Comparing Money Raised
a. Helen raised $12 for the food bank last year and she raised 6 times as much money this year. How much money did she raise this
year?

b. Sandra raised $15 for the PTA and Nita raised $45. How many times as much money did Nita raise as compared to Sandra?

c. Luis raised $45 for the animal shelter, which was 3 times as much money as Anthony raised. How much money did Anthony raise?

Solution
Solution: Tape diagram
a. She raised six times as much money (as shown in the diagram) so she raised 6 x 12 = 72.

Money she raised last year:

Money she raised this year: ‘ 512 ‘ 512 ‘ 512 | 512 ‘ 512 | 512
o

B
?
Helen raised $72 this year.
b. ?x15=45is equivalentto 45 + 15 =7
Money Sandra raised: | $15
Money Nita raised: . -
e
~
$45
Nita raised 3 times as much as Sandra.
c. 3x?=45isequivalentto 45 +3 =7
Money Anthony raised:| ?
Money Luis raised:
e _\r‘_ -
$45

Anthony raised $15.

Solution: Writing multiplication equations for division problems
a. Helen raised 6 x $12 this year, so she raised $72 this year.
b. This is a “Number of Groups Unknown” problem. We can represent the question as

?x 15 =45
or
45+ 15=7

So Nita raised 3 times as much money as Sandra.
c. This is a “Group Size Unknown” problem. We can represent the question as
3x?=45
or
45+3=7
So Anthony raised $15.

“Comparing Money Raised”by lllustrative Mathematics is licensed underCC BY 4.0.
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In the first problem, the product is unknown; students need to multiply 12 by 6 to find the total. In the second problem, the multiplier (or
“scale factor”) is unknown; students can use division to solve this problem (45 + 15 = ?7) or they can think of this as an unknown factor
problem (15 x 7 = 45). In the third problem, the smaller amount is unknown; students can use division to solve this problem (45 + 3 = 7) or
they can think of this as an unknown factor problem (3 x ? = 45). (ll 3.0A.B.6) As with additive comparison problems, using tape
diagrams with multiplicative comparisons is a helpful tool for problem-solving. The sample solutions in this taskillustrate how tape
diagrams can be used to represent compare situations. Each of the tape diagrams in the solution is accompanied by an equation with a
symbol for the unknown (e.g., a box or question mark). Using a symbol to represent the unknown in an equation is an expectation in
Grade 4 (M 4.0A.A.2) and has beenan expectation since first grade. (M 1.0AA.T)

Equal groups, arrays, and area

In addition to understanding this new meaning of multiplication, in Grade 4 students continue to solve word problems involving equal
groups, arrays, and area, like they did in Grade 3. The difference is that now students are multiplying and dividing with larger whole
numbers. (ll 4.NBT.B.5, I 4.NBT.B.6) It's important to point out the Grade 4 standards formultiplying and dividing larger numbers
articulate the use of strategies based on place value, properties of operations (the commutativeand associative properties of
multiplication and the distributive property”), the relationship between multiplication and division, andthe use of representations like
arrays and area models; in other words, the same strategies and representations developed in Grade 3(lll 3.0A.B.5, Il 3.0A.B.6,

M 3.MD.C.7) The example below illustrates using the distributive property, in the context of an area model, to solve a two-step problem
involving equal groups.
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Grade 4, Module 3, Lesson 11: Problem Set

6. Arestaurant sells 1,725 pounds of spaghetti and 925 pounds of linguini every month. After 9 months,
how many pounds of pasta does the restaurant sell? Write your answer as a statement.

l,77-5 2000 ot Se
+ 925 9| 180 |suw e The restaunrant sells 23,850 poonds
—t—

21,650 (9% 2000) + (A% 08) +{axsD) oF pasta jn 9 wmonths.

U
I3,000 + 5400+ yst = 73350

Grade 4, Module 3, Lesson 11 Available from engageny.org/resource/grade-4-mathematics-module-3-topic-c-lesson-1T;
accessed 2015-05-29. Copyright © 2015 Great Minds. UnboundEd is not affiliated with the copyright holder of this work.

In this task, students decompose 2,650 additively using place value understanding, and use an area model to illustrate the distributive
property: 9 x 2,650 = 9 x (2,000 + 600 + 50) = (9 x 2,000) + (9 x 600) + (9 x 50). As illustrated, the distributive property andplace value
understanding support understanding of partial products and using area models to represent multiplication. The associative property can
also help students multiply. For example, when multiplyingby multiples of ten students might decompose a factor multiplicatively and
use the associative property (e.g, 9 x 2,000 = 9 x (2 x 1,000) = (9 x 2) x 1,000 = 18 x 1,000 = 18,00(%trategies based on properties of
operations depend on decomposing and composing numbers (multiplicatively in the case of the associative property and additively in
case of the distributive property).5

While we might be tempted to push students to use the standard algorithm to multiply, this isot required in Grade 4; we want to ensure
that students spend significant time building conceptual understanding of multiplication. Fluency with the standard algorithm for
multiplication is not required until the end of Grade 5, (l 5.NBT.B.5) and notuntil the end of Grade 6 for division.(C 6.NS.B.2)

Using the four operations to solve problems

In Grade 4, students should have many meaningful opportunities to solve multistep word problems using all four operations|

M 4.0A.A.3) This is a culminating standard for a sequence of standards, which begin in Kindergarten, about solving word problems.

M KOAA2 M 1.0AA.1H20AA.1H30AD.8) More specifically, students begin working with two-step problems in Grade 2,
which are limited to addition and subtraction, and expand to include multiplication and division in Grade 3. In Grade 4, the problems
should be multistep (generally with no more than three steps) and can include any combination of the four operations with whole
numbers.® Engaging with multistep problems should occur throughout the year and integrate concepts from the NBT and MD standards.

The following examples illustrate different kinds of multistep word problems. In the first example, students are expected to solve a single
problem that involves several steps in order to determine the total amount of money earned for both days.
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Grade 3, Module 3, Lesson 7: Application Problem

The basketball team is selling T-shirts for $9 each. On Monday, they sold 4 T-shirts. On Tuesday, they sold 5 times as many T-
shirts as on Monday. How much money did the team earn altogether on Monday and Tuesday?

Gxy
oy

Moniml D

Tusdm)

Mﬂﬂdns? $9x 4= 33,

Tuesday 5x4= 20 0%
$q1w='lgo ‘-11&

The +am earned 221k on Mendoy aMdea.‘.’_

Note: This is a multi-step word problem reviewing multiplying by multiples of 10 from Lesson 5, including multiplicative
comparison.

Grade 4, Module 3, Lesson 7Available from engageny.org/resource/grade-4-mathematics-module-3-topic-c-lesson-7; accessed
2015-05-29. Copyright © 2015 Great Minds. UnboundEd is not affiliated with the copyright holder of this work.

This solution is modeled using different kinds of representations. Thestep involving multiplicative comparison is modeled with a tape
diagram and labeled equations are used to show the multiplication. Problems like this also give opportunities for students to assess the
reasonableness of answers using mental computation and estimation strategies, including rounding. (ll 4.0A.A.3) We might ask, “Is
$216 a reasonable answer? Why?” A student might respond using language that reflects the following reasoning:

e FEach t-shirt cost about $10. If the team sold a total of 24 t-shirts, then the team earned about $240 because $10 x 24 = $240.
My answer is reasonable, because $216 is close to, but less than $240.

In order to think about reasonableness, students need to have a solid understanding of the meaning of operations and of estimation
strategies; also, rounding can play a key role in estimating. Students begin rounding in Grade 3, to the nearest 10 and 100, based on
place value understanding (e.g., using the number line). (‘> 3.NBT.A.1) They build on this understanding in Grade 4 to round multi-digit
whole numbers to any place. (ll 4.NBT.A.3 )Asking questions like the one above, and building students’ abilities to answer them
thoughtfully, should be a regular part of instruction in Grade 4.
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While the prior example was a single, extended task, multistep problems can also be comprised of a series of questions developing from
a particular context, as in the next example. Students have to pay close attention to the language in each part to determine whether the

relationship being asked about is additive or multiplicative. Given that there are so many questions in this task, the size of the numbers is
restricted.
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Carnival Tickets

Every year a carnival comes to Hallie's town. The price of tickets to ride the rides has gone up every year.

o

Year Ticket Price
2008 $2.00
2009 $2.50
2010 $3.00
2011 $3.50
2012 $4.00

In 2008, Hallie’s allowance was $9.00 a month. How many carnival tickets could she buy with one month's allowance?
If her allowance had stayed the same, $9.00 a month, how many carnival tickets could she buy in 20127

In 2012, Hallie’s allowance was $14.00 per month. How much did her monthly allowance increase between 2008 and
20127

How much more did a carnival ticket cost in 2012 than it did in 20087
Was Hallie able to buy more carnival tickets in 2008 or in 2012 with one month's allowance?

What would Hallie's allowance need to be in 2012 in order for her to be able to buy as many carnival tickets as she could
in 20087

What happens to your ability to buy things if prices increase and your allowance doesn't increase?

“Carnival Tickets” by lllustrative Mathematics is licensed underCC BY 4.0.

In part a, students have to interpret the meaning of a remainder, which is a new understanding in Grade 4l 4.0A.A.3) It's important

to emphasize that we want students to be able to interpret the remainder, rather than simply compute quotients that happen to have

remainders. In fact, the quotient and remainder can play different roles in the solution to problems:

e |nthe case of part a above the answer to the question is the whole number quotient (i.e, the answer is 4 and the

quotient is 4 with a remainder of 1).

e |n other situations, the remainder might indicate thatthe answer to the question is different from the whole number

quotient (e.g, Each table has 2 chairs. What is the minimum number of tables that are needed to seat 9 students?).

e Further, the remainder might be the answer to the question (e.g, Charlie divided 9 pencils equally into 2 containers so
that each container had the maximum number of pencils. How many pencils were left over?).
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Remainders have a variety of meaning in the real world, and for students to be successful with interpreting remainders in different
situations, it's important that they have significant experience solving problems for which the remainder takes on varied meanings in
context.

It is worth pointing out here that using the common notation (9 + 2 = 4 R 1) for representing remainders in the division of whole
numbers is not precise and is inconsistent with the meaning of the equal signFor example, if 9 +2 =4R1and 13+ 3 =4R 1, then
students might reason that 9 + 2 = 13 + 3, which is not true. A more precise way to show the result of division in terms of a whole
number quotient and a remainder is: 9 = 4 x 2 + 1.” You will likely encounter many resources that use “R” notation; it might be
worth a discussion with students about the precision of such notation.

Also, as part of ll 4.0A.A.3, students should use letters to represent the unknown. This is slightly different from the language in
standard Il 4.0A.A.2, which is about using a “symbol” for the unknown. A letter for an unknown is more formal use of algebraic
language that begins in Grade 3 with use of a letter for unknown in two-step problems. (ll 3.0A.D.8) In the example below, students
use the letter m to model the number of marbles Presley has.
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Grade 4, Module 3 Lesson 12: Concept Development, Problem 3

Jayden has 347 marbles. Elvis has 4 times as many as Jayden. Presley has 799 fewer than Elvis. How many marbles does Presley

have?
7

: 347
J 139% & M

pm EX$: Pr'{s{{\{ has 584
# mav bles.

1288 - 800 = 589

) L 588+ = 589

T WA= 589 marbles

Grade 4, Module 3, Lesson 12Available from engageny.org/resource/grade-4-mathematics-module-3-topic-d-lesson-12;
accessed 2015-05-29. Copyright © 2015 Great Minds. UnboundEd is not affiliated with the copyright holder of this work.

In later grades, students will be expected to regularly represent and solve multistep problems, and using a letter for the unknown should
be second nature. In Grade 4, we can ensure students are ready for this later work by consistently giving students opportunities to use
letters for unknown quantities.

Factors and Multiples

The second cluster in the Operations & Algebraic Thinking domain is a supporting cluster and deals with factors and multiples. Let's read
the standard associated with this cluster, and then we'll think through what it means and how it looks in practice.

[0 4.0A.B | Gain familiarity with factors and multiples.

O04.0AB.4

Find all factor pairs for a whole number in the range 1-100. Recognize that a whole number is a multiple of each
of its factors. Determine whether a given whole number in the range 1-100 is a multiple of a given one-digit
number. Determine whether a given whole number in the range 1-100 is prime or composite.

A quick look at decomposition

Factor pairs are a sort of decomposition of numbers; for example, 10 can be decomposed into 2 x 5 or 1 x 10. In order to best support
students with this in Grade 4, let’s take a quick look at the roots of decomposition.

Students begin decomposing numbers in Kindergarten (ll K.OA.A.3) This decomposition is limited to what you might call 4dditive
decomposition”; decomposed parts are related by addition. As students progress through the grades, additive decomposition supports
increasingly sophisticated addition and subtraction problems. The examples below illustrate a progression of additive decomposition.®
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0 e 7/|j St-30= 24
) o] /N
- To b
1" @ ’ S0-30=20
71 = @ 98 8= 26

e |n the first example (Kindergarten), students understand that the number 4 is composed of embedded numbers (2 and 2).
e |n the second example (Grade 1), decomposing 7 is related to addition.
e |n the third example (Grade 2), 56 is decomposed to make an easier subtraction problem.

olole
QOQ () fue
QQO

........... 5 threes + 2 threes = 7 threes

e QOO v
(o) ()| [|833
0l0 ®@

(5x3)+(2x3)=

15+6=21

7%x3=21

e |n the fourth example (Grade 3), decomposition is related to equal groups as 24 is decomposed into four sixes (i.e,6 +6 + 6 + 6
= 24).

e |n the last example (Grade 3), decomposing is connected to the distributive property.

We can address factoring pairs in Grade 4 by using additive decomposition as a starting place; for example, by asking students to
decompose a number, like 10, additively prior to introducing factors. Using visual models, such as number bonds, to teach this may be
helpful as well.

Factor pairs as decomposition in Grade 4

In Grade 4, students build on the idea that decomposition can be multiplicative: a number can benultiplicatively decomposed into equal
groups and expressed as the product of these factors (called factor pairs).9 Students had some experience with multiplicative
decomposition in Grade 3 when applying the associative property of multiplication. (ll 3.0A.B.5 )Students decomposed one factor into
a factor pair in order to make an easier multiplication problem (e.g., when multiplying 16 x 3, a student might decompose 16 into 8 x 2 to
get (8x2)x3=8x(2x3)=8x6 =48). Now in Grade 4, students find factor pairs for whole numbers within 100 and learn that a prime
number has only 1 and itself as factors. By contrast, if a number is not prime (having more than 1 and itself as factors), it is composite.
The example below asks students to find factor pairs and determine whether a number is prime or composite.
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Grade 4, Module 3, Lesson 22: Exit Ticket

2. Find all factors for the following numbers and classify as prime or comp_osite- Explain your classification
of each as prime or composite.

Factor Pairsfor2s ~ Factor Pairsfor 28 ~ Factor Pairs for 29

\ 7.5 - 28 \ 29
5 5 2 1L
Y |

CmnPosi-\'E Compos'«{'e Prima

7 bach onl ZPAC‘{’DVS}
more +han 2 Cactovs wore Hhan factor 'Jus;({ | and 1+s-:_lP(2‘0

Grade 4, Module 3, Lesson 22 Available from engageny.org/resource/grade-4-mathematics-module-3-topic-f-lesson-22;
accessed 2015-05-29. Copyright © 2015 Great Minds. UnboundEd is not affiliated with the copyright holder of this work.

While factor is not a new term inGrade 4, the term “multiples” may be new. A whole number is a multiple of each of its factors. Using the
example above, 28 is a multiple of 2 and of 14 because 28 = 2 x 14. Precision of mathematical language is important, and we should be

attentive to correct usage in instruction. However, the focus for students is on understanding the mathematical concepts of factors and

multiples rather than memorizing definitions.

So how does the study of factor pairs and multiples support thinking about multiplication and division? One way is that exploring
patterns with multiples of numbers and with factor pairs gives insight into patterns of divisibility. While patterns of divisibility are not
required by the standards, they may be helpful strategies for dividing. Students should explore these patterns in the multiplication table
rather than memorizing a set of rules. In the following task, students explore patterns with multiples in the multiplication table.
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Identifying Multiples

Below is a multiplication table for single digit numbers:

3 3 6 9 12 15 18 21 24 | 27

4 4 8 12 16 20 24 28 32 36

5 5 10 15 20 25 30 35 40 45

6 6 12 18 24 | 30 | 36 42 48 54

7 7 14 | 21 28 | 35 | 42 | 49 | 56 | 63

8 8 16 | 24 | 32 | 40 | 48 | 56 | 64 | 72

9 9 18 27 | 36 | 45 94 | 63 72 81

Use a different copy of the multiplication table for each of the questions below:
a. Color all boxes with multiples of 2 in the multiplication table. What pattern do you see in the colored boxes?

b. Color all boxes with multiples of 3 in the table. How does the pattern of multiples of 3 compare to the pattern of
multiples of 27

c. Color all boxes with multiples of 4 in the table. How is this different from the patterns in (a) and (b)? Why?

‘Identifying Multiples” by lllustrative Mathematics is licensed underCC BY 4.0.

In this task, students observe that multiplies of 2 are even. Also, the product of a factor pair is a multiple of 3 if one of the factors is
divisible by 3 (e.g,, 6 x 8 = 48 s0 48 is a multiple of 3 because 6 is divisible by 3). Additionally, since 4 is a composite number (i.e, it has
another factor other than 1 and 4), the product of a factor pair might be a multiple of 4 even if neither of the factors is divisible by 4 (e.g,,
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6 x 6 = 36 and 36 is a multiple of 4 even though both factors (6 and 6) are not divisible by 4). This is because both factors are divisible
by 2 and 4 has a factor pairof 2 x2 (e.g,6x6=(3x2)x(3x2)=(2x2)x(3x3)=4x9).

As previously mentioned, the study of factor pairs and multiplesalso supports application of the associative property of multiplication. In
the following example, students use the associative property of multiplication to show that if 6 is a factor of a number, then 2 and 3 are
also factors of that number.
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Grade 4, Module 3, Lesson 23: Concept Development

T: We used the associative property to show that both 2 and 3 are factors of 54.

T: Let’s test this method to see if it works with a number other than 54. Forty-two is 6 times...?
S: 7.

T: Let’s use the associative property to see if 2 and 3 are also factors of 42.

T: (Write 42 = 6 x 7.) How will we rewrite 67

S:2 x 3.

T: (Beneath 6 x 7, write = (2 x 3) x 7.) Let's now move the parentheses to first multiply 3 times 7, to associate 3
with 7 rather than 2. 3 times 7 is?

S: 21.
T: Find the product of 2 and 21. (Pause.) Is it true that 2 times 21 equals 427

S: Yes!

42 = b w7
:(zxZ}x‘l
=’2.x(3x7)
8 L%l
= L

Record the thought process as shown to the right. Have students use the associative property to prove that since 6 is a factor of
60, both 2 and 3 are also factors.

Grade 4, Module 3, Lesson 23 Available from engageny.org/resource/grade-4-mathematics-module-3-topic-f-lesson-23;
accessed 2015-05-29. Copyright © 2015 Great Minds. UnboundEd is not affiliated with the copyright holder of this work.

Generating and analyzing patterns

The third cluster in the Operations& Algebraic Thinking domain is an additional cluster and deals with generating and analyzing patterns.

Let’s read the standard associated with this cluster, and then we’ll think through what it means and how it looks in practice.

4.0A.C | Generate and analyze patterns.

Operations & Algebraic Thinking: A Guide to Grade 4 Mathematics Standards www.unbounded.org

21


https://www.unbounded.org/downloads/4759/preview?slug_id=42712

4.0A.C.5
Generate a number or shape pattern that follows a given rule. Identify apparent features of the pattern that
were not explicit in the rule itself. For example, given the rule "Add 3" and the starting number 1, generate terms in
the resulting sequence and observe that the terms appear to alternate between odd and even numbers. Explain
informally why the numbers will continue to alternate in this way.

This standard has to do withreasoning about number and shape patternsthat follow a given rule. Grade appropriate shape patterns
might include a repeated sequence of shapes or a growing shape pattern. Number patterns might include repeatedly adding the same
whole number or multiplying by the same whole number. In the following task, students have to employ a rule and then make
observations about the resulting pattern to answer questions about operations involving even and odd numbers.

Operations & Algebraic Thinking: A Guide to Grade 4 Mathematics Standards www.unbounded.org

22



Doubles Plus One

a. The table below shows a list of numbers. For every number listed in the table, multiply it by 2 and add 1. Record the

result on the right.

number double the number
plus one

10
23
57

100
309

b. What do you notice about the numbers you entered into the table?

c. Sherri noticed that all the numbers she entered are odd.
i. Does an even number multiplied by 2 result in an even or odd number? Why do you think this is?

i. Does an odd number multiplied by 2 result in an even or odd number? Why do you think this is?

i. Does an even number plus 1 result in an even or odd number? Why do you think this is?

Does an odd number plus 1 result in an even or odd number? Why do you think this is?

E.

v. Explain why the numbers you entered in the table are all odd.

“Doubles Plus One” by lllustrative Mathematics is licensed underCC BY 4.0.
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Note the emphasis on making conjectures (as in parts i-iv.) and reasoning (part v.).

The standard states that a rule is given. Students should not have to infer or guess the underlying rule for a pattern. Rather,
students should generate a pattern from a given rule and identify features of the given pattern. Traditional pattern activities that

ask students to continue a pattern determined by guessing the rule are not a mathematical topic and are not part of the standards.
10
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Part 2: How do Operations & Algebraic Thinking relate to other
parts of Grade 4?

There are many connections among standards in Grade 4; if you think about the standards long enough, you'll probably start to see these
relationships everywhere.'" In this section, we’'ll talk about the connection between the standards in the Operations Algebraic Thinking
(OA) domain and the standards in the first cluster of the Measurement & Data (MD) domain. The standards in this MD cluster are
supporting standards and can be used to support work with the OA standards. As previously mentioned, the OA standards are also closely
connected to place value concepts in the Number & Operation in Base ten (NBT) domain. Outside of the connections mentioned irPart

1, we will reserve a more in depth discussion about these connections for another guide. Before talking about the connections to the MD

standards in cluster 1 4.MD.A let's read through each of the standards.

[0 4.MD.A | Solve problems involving measurement and conversion of measurements.

O 4Mbp.AN

Know relative sizes of measurement units within one system of units including km, m, cm; kg, g; Ib, oz; |, ml; hr,
min, sec. Within a single system of measurement, express measurements in a larger unit in terms of a smaller
unit. Record measurement equivalents in a two-column table. For example, know that 1 ft is 12 times as long as 1
in. Express the length of a 4 ft snake as 48 in. Generate a conversion table for feet and inches listing the number pairs
(1,12),(2,24), (3, 36), ...

O04MD.A2

Use the four operations to solve word problems involving distances, intervals of time, liquid volumes, masses of
objects, and money, including problems involving simple fractions or decimals, and problems that require
expressing measurements given in a larger unit in terms of a smaller unit. Represent measurement quantities
using diagrams such as number line diagrams that feature a measurement scale.

O4mMD.A3

Apply the area and perimeter formulas for rectangles in real world and mathematical problemsFor example, find
the width of a rectangular room given the area of the flooring and the length, by viewing the area formula as a
multiplication equation with an unknown factor.

Measurement problems and conversions

Students use measurement contexts to support adding, subtracting, multiplying, and dividing with whole numbers as well as with simple
fractions and decimals. (0 4.MD.A.2) It's important that they solve word problems related to measurement contexts that theyre
familiar with. In Grade 4, these include distance, intervals of time, liquid volume, mass of objects, and money. More specifically,
appropriate measurement contexts include length (inches, feet, centimeters, and meters), time, and money (whole number quantities like
$3, 5 dimes, 13 cents), which students learnedin Grade 2.(Ill 2.MD.B.5,[0 2.MD.c.7,0 2.MD.C.8 )Also, liquid volume (liters), mass
(grams and kilograms), and contexts involving intervals of timewhich students learned in Grade 3 (ll 3.MD.A.1, Il 3.MD.A.2) And in
Grade 4, students integrate the use of additional measurement units: kilometer, kilogram, pounds, ounces, milliliters, and seconds.

A big part of using measurement contexts is understanding the size and relationship of units within a given system (e.gkm, m, cm; kg, g;
Ib, 0z; I, ml; hr, min, sec). (0 4.MD.A.1 )To do so, students should develop benchmarks and mental images of the relative sizes of units.
For example, a kilometer is about the length of 10 football fields including the end zones. Students should also understand the meaning
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of the prefixes kilo-, centi-, and milli- and their relationship to the base units meter and gram (i.e., the prefixes represent multiples of the
basic unit).'?

Familiarity with the sizes of units helps students think about the reasonableness of their answer when converting between units. In Grade
4, students convert from larger to smaller units, (0 4.MD.A.1) which supports work with multiplicative comparisons. For example, when
using the metric system, students relate larger units to being 10, 100, or 1000 times as great as smaller units (1 liter is T000 times as
great as 1 milliliter). Additionally, conversions reinforce place value concepts: Recognize that in a multi-digit whole number, a digit in one
place represents ten times what it represents in the place to its right. (ll 4.NBT.A.1) Using a table to demonstrate these multiplicative
relationships can be helpful. The example below illustrates the relationship between kilometers and meters.
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Grade 4, Module 2, Lesson 1: Concept Development

Problem 2: Compare the sizes and note relationships between meters and kilometers as conversion equivalencies.
Use a two-column table, as pictured to the right, to support the following sequence.
T: 1 km = 1,000 m. How many meters are in 2 km? 3 km? 7 km? 70 km?
S: 2,000 m, 3,000 m, 7,000 m, 70,000 m.
T: Write 2000 m = _____km on your personal white board. If 1,000 m equals 1 km, 2,000 m equals how many kilometers?
S: 2 kilometers.
Repeat for 8,000 m, 10,000 m, and 9,000 m.
T: Compare kilometers and meters.

S: A kilometer is a longer distance because we need 1,000 meters to equal 1 kilometer. = 1 kilometer is 1,000 times as
much as 1 meter.

T: (Display 1T km 500 m = m.) Let’s convert, or rename, 1 km 500 m to meters. 1 kilometer is equal to how many
meters?

S: 1,000 meters.
T: 1,000 meters plus 500 meters is 1,500 meters. (Fill in the blank.)

T: (Display 1 km 300 m = ___m.) 1 kilometer 300 meters is equal to how many meters?

S: 1,300 meters.

Distance
I km m
‘ 1 1,000
| 2 2,000
. 3 3,000
i 1
. 1, 000 |
; " . 710,000
I l T St e ™

Grade 4, Module 2, Lesson 1Available from engageny.org/resource/grade-4-mathematics-module-2-topic-lesson-1; accessed
2015-05-29. Copyright © 2015 Great Minds. UnboundEd is not affiliated with the copyright holder of this work.
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Compare problems often intersect with measurement contexts. The comparison might be additive or multiplicative or both. In the
following task, students have to decide on a common comparison unit. Using inches, students convert from a larger unit to a smaller
unit. Students could also convert from a smaller unit to a larger unit, but that is a Grade 5 expectation. [d5.MD.A.T)
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Who Is the Tallest?

Mr. Liu asked the students in his fourth grade class to measure their heights. Here are some of the heights they recorded:

Student Height
Sarah 50 inches
Jake 414 feet
Andy 112 yards
Emily 4 feet and 4 inches

List the four students from tallest to shortest.

“Who is the tallest?”by lllustrative Mathematics is licensed underCC BY 4.0.

Not only do measurement problems reinforce work with the four operations and whole numbersbut they also support operations with

fractions, as illustrated in the task above and the task below. Using a number line to solve measurement problems can be a very useful
strategy.

Juan spent 1/4 of his money on a game.
The game cost $20. How much money did
he have at first?

Source: K-5 Progression on Geometric Measurement

Area and perimeter

Applying the area and perimeter formulas (Cd 4.MD.A.3 )supports work with the OA standards, particularly standards in the OAA cluster.
Students were introduced to area and perimeter in Grade 3. (H 3.MD.C, O 3.MD.D) In fact, students did a lot of work with area to
support understanding of multiplication and division. However, area and perimeter formulas are new to Grade 4. It's important to note
that understanding and applying formulas in context is different than writing down a memorized formula and evaluating the formula by
substituting variables with known numbers. At this level, the formulas are rooted in visualizations of rectangles anduse of specific
numbers, not variables. The idea is that students represent these situations with equations constructed through reasoning. This way,
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evaluation of formulas in later grades is supportedby a conceptual foundation." The example below incorporates both perimeter and
multiplicative comparison.
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Grade 4, Module 3, Lesson 3: Concept Development

Problem 1

The rectangular projection screen in the school auditorium is 5 times as long and 5 times as wide as the rectangular screen in
the library. The screen in the library is 4 feet long with a perimeter of 14 feet. What is the perimeter of the screen in the

auditorium?
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The structure of this problem and what it demands of students is similar to that found within the first and second lessons of this
module. Elicit from students why both the length and the width were multiplied by 5 to find the dimensions of the larger screen.
Students use the dimensions to find the perimeter of the larger screen. Look for students to use formulas for perimeter other

than 2 x (I + w) for this problem, such as the formula 2| + 2w.

Grade 4, Module 3, Lesson 3 Available from engageny.org/resource/grade-4-mathematics-module-3-topic-lesson-3; accessed
2015-05-29. Copyright © 2015 Great Minds. UnboundEd is not affiliated with the copyright holder of this work.

Notice the student work does not contain a formula with variables that should be substituted. Instead students reason that the perimeter

of the larger screen is twice the measure of the sum of one side length and one side width.

Operations & Algebraic Thinking: A Guide to Grade 4 Mathematics Standards www.unbounded.org 3l


https://www.unbounded.org/downloads/4608/preview?slug_id=42687

Part 3: Where do Operations & Algebraic Thinking come from,
and where are they going?

In Grade 4, students extend their understanding of multiplication and division, which made their debut in Grade 3. Knowing the lead-up to
the Grade 4 content will help you leverage content from previous grades in your lessons; also, mathematical learning should always be
explicitly connected to previous understandings. Moreover, if your students are behind, seeing where Grade 4 ideas come from will allow
you to adapt your curriculum and lessons to make new ideas accessible. Let’s look at the progression of content to Grade 4; then we'll
examine some ways that you might use this information to meet the unique needs of your studentsAfter that, we'll see how the ideas of
multiplication and division extend beyond Grade 4.

Podcast clip: Importance of Coherence with Andrew Chen and Peter Coe (start 9:34, end 26:19)

Where does work with multiplication and division in Grade 4 come from?

Grade 2: Prerequisites to multiplication

The Standards lay out a purposeful progression for multiplication and division with whole numbers.Though students begin formal study
of multiplication and division in Grade 3, there are foundational skills and experiences presented in Grade 2. None of the Grade 2
standards named below are part of the major work, but they are nonetheless opportunities for students to lay the foundation for later
work with multiplication; we can also leverage them for students that are struggling in Grade 4. They are:

e Students work with equal groups and arrays and use repeated addition to find the total.(C] 2.0A.C.4) This means, for
example, writing an equation like 5 + 5 + 5 + 5 = 20 to describe an array with four rows of five objects. Grade 2, Module 6, L esso

n 6 from EngageNY includes materials that can be used to support students in this understanding.

e Students prepare for multiplication and division throughskip-counting, which helps support Level 2 methods for multiplying
and dividing. In Grade 2, students skip count by 5's, 10's, and 100’s (and by 2 when pairing with even numbers). (Il 2.NBT.A.2)
The fluency activity from EngageNY’s Grade 2, Module 3, L esson 1shows how skip-counting can be incorporated as part of a

daily routine.

e Students partition rectangles into rows and columns of the same-size squares and count to find the total’- 2.G.A.2) The
lesson below shows an example of this.
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Partitioning a Rectangle into Unit Squares

Materials
e (opies of a rectangle with edges marked (one for each student/ group, see attached blackline master)

e A straight edge tool

Actions

The teacher should guide students through these actions, as the text in this task is too complex for some second graders.

a. Draw a grid on the rectangle by connecting each mark to the one directly across from it on the opposite edge.

b. The grid separates the rectangle into many little squares. How many squares are there?

c. There are five little squares in each row. Count by fives to find how many squares there are in the entire rectangle.
d. What other methods can you think of to quickly count how many squares there are in the entire rectangle?

e. Write a number in each little square to count them and show that your answers are correct.

f. One number sentence which shows the total number of squaresis 3 + 3 + 3 + 3 + 3 = 15. Write another number

sentence which shows the total number of squares.

Source: “Partitioning a Rectangle into Unit Squares by lllustrative Mathematics is licensed underCC BY 4.0.

Multiplication is introduced in Grade 3. Here are the highlights that will be most relevant to the priority work within 4.0A:

e Students develop an initial understanding of multiplication and division by interpreting products and
quotients using equal groups and arrays. (ll 3.0A.A.1)

e Students develop a variety of strategies (including many based on properties of operations (Il 3.0A.B.5) and the
relationship between multiplication and division (Bl 3.0A.B.6)) to build toward fluency with multiplication and
division within 100. (Il 3.0A.C.7)

e Students engage in problem-solving within 100 in situations involving equal groups and arrays(ll 3.0A.A.3) and
whole number, two-step problems using the four operations. (Il 3.0A.D.8)
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Let’s take a closer look at each of these.

Grade 3: the meaning of multiplication

Students’ initial exposure to multiplication is based onequal groups and arrays. With respect to equal groupsthey come to understand
the meaning of the factors in equal groups situations (one factor represents the number of objects in a group and the other factor
represents the number of groups) and interpret products as the total number of objects when one number is multiplied by another
number. (ll 3.0A.A.1 )in the example below, students attend to the meaning of the factors and the product. The groups are shown as
bunches of flowers and there are 5 flowers in each group. The product, or total, is the result of multiplying 4 x 5.
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Grade 3, Module 1, Lesson 3: Problem Set

a. Number of groups:

Size of each group:

b. 4x5= 20
20

There are flowers altogether.

0

Grade 3, Module 1, Lesson 3 Available from engageny.org/resource/grade-3-mathematics-module-1-topic-lesson-3; accessed
2015-05-29. Copyright © 2015 Great Minds. UnboundEd is not affiliated with the copyright holder of this work.

Similarly, with division, students interpret quotients as either the number of shares or the number of objects in each share when a whole
number of objects is partitioned equally. (M 3.0A.A.2)

Grade 3: Strategies that lead to fluency

Perhaps the most important goal for students in Grade 3 is to fluently multiply and divide within 100, knowing all multiplication facts
from memory. (M 3.0A.C.7) To reach this goal, students develop and use strategies based on the properties of operations (the
commutative and associative properties of multiplication and the distributive property (ll 3.0A.B.5)), and the relationship between
multiplication and division. (M 3.0AB.6)

Students build on their understanding of properties of operations from earlier grades and apply these new properties as strategies to
solve problems.'® It’s important to note that students should come to understand the properties conceptually, using diagrams and other
visuals, rather than merely memorizing the name and definition of the property.

The associative property of multiplication tells us that we can choose any grouping of factors and get the same product; for example,
(2 x3) x4 and 2 x (3 x 4) both yield 24. How does this help with multiplication? For two numbers being multiplied, students can use the
associative property, after decomposing one of the numbers multiplicatively into its factors, to make an easier multiplication fact. For
example, when multiplying 16 x 3, a student might decompose 16 into 8 x 2 and use the associative property to make an easier fact of 8
X 6:

16x3=8x2)x3=8x(2x3)=8x6=48

The understanding behind the associative property of multiplication should be developed conceptually, using concrete and/or pictorial

representations. An example of a lesson that does this can be found here;Grade 3, Module 3, Lesson 9

The distributive property relates multiplication and addition; for example, both 2 x (3 + 4) and 2 x 3 + 2 x 4 result in 14. Similar to
what we just looked at with the associative property, students can also make an easier multiplication problem by decomposing one of
the factors into its addends (additive decomposition) and then use the distributive property. Again, we can build conceptual

understanding of this property through the use of visuals. The following example comes from an EngageNY lesson on the distributive
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property. In the concept development part of the lesson, students use the 5 + n pattern to decompose a factor into its addends (i.e., the
numbers 6, 7, 8, and 9 can be thought of as 5 + 1,5 + 2,5 + 3, and 5 + 4 respectively). Then they multiply the easier facts and find the
sum. In the homework problem below, the 8 is decomposed into 5 + 3 because knowing facts of 5 (i.e., 5 x 4) and 3 (i.e, 3 x 4) is easier
for students.
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Grade 3, Module 1, Lesson 16: Homework

b. 8x4=

Q00O -

(_ X4)=

(8x4)=(5x4)+(___ x4)

Grade 3, Module 1, Lesson 16Available from engageny.org/resource/grade-3-mathematics-module-1-topic-e-lesson-16;
accessed 2015-05-29. Copyright © 2015 Great Minds. UnboundEd is not affiliated with the copyright holder of this work.

The distributive property is introduced and used when multiplying single-digit numbers to help students strategically progress toward
fluency with the more challenging facts. For example, instead of rote memorization of 8 x 4, students can use the distributive property to
multiply easier facts that they may be more fluent with, like (4 x 4) + (4 x 4) or (2 x 4) + (6 x 4). Students continue to use these properties
as they move on to multiplying single-digit numbers by 2-digit numbers (with products within 100 in Grade 3). In later grades, the
distributive property is at the root of understanding the standard algorithm for multiplication.

The commutative property of multiplication lets us know we can change the order of the factors in a multiplication expression; for
example, 2 x 3 and 3 x 2 both result in 6. The commutative property helps students access a wider range of facts; for example, if
students know 9 x 6 then they also know 6 x 9. It should be introduced conceptually. The following lesson from EngageNY introduces

students to the commutative property of multiplication by using an array and then rotating the array 90 degrees. As observed, the product
is the same, however, the position of the factors changed.
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Grade 3, Module 1, Lesson 7: Concept Development

Concept Development (32 minutes)

Materials: (S) Personal white board

Problem 1: Rotate arrays 90 degrees.

T: Position your board so that the long side is horizontal. Draw an array that shows 4 rows of 2.

S: (Draw the array, as shown here)

Personal White Board

Q0 2
QO 4
Q0O 6
Q0O 8

4x2=28

T: Write a skip-count by twos to find the total. Then write a multiplication sentence where the first factor represents the
number of rows.

S: (Write 2, 4, 6,8 and 4 x 2 = 8 as shown)
T: Rotate your board 90 degrees so that the long side is vertical.

S: (Rotate, as shown here.)

4x2=8

Q0 2
QO 4
OO0 6
Q0O 8

Personal White Board

T: What happened to the array?

S: It has 2 rows of 4. = It has 4 groups of 2, but they're up and down instead of in rows.
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T: Now the twos arecolumns, vertical groups in an array.

T: I'll rotate my board. You tell me if the twos are columns or rows.

T: (Show the twos as rows.)

S: Rows!

T: (Rotate your board and show the twos as columns.)

S: Columns!

T: Skip-count the rows by four!

S: (Point to the rows as students count.) 4, 8.

T: Add that skip-count to your board. (Allow time.) What multiplication sentence can represent this array?
S:2x4=8

T: (Write 4 x 2 = 8 and 2 x 4 = 8 on the board with their corresponding arrays drawn as shown.) What do you notice
about the multiplication sentences?

A

Yx1:8 2x4=8

S: The 4 and the 2 switched places.
T: What do the 4 and 2 represent in each? Talk to your partner.

S:In A, the 4 represents the number of rows, but in B, it represents the size of the row. = The twos are rows in A but
columns in B.

T: Did the meaning of the 8 change?

S: No.

T: So factors can switch places and trade meanings, but the total stays the same. We call that theommutative
property. Talk to your partner about why the total stays the same.

S: (Discuss.)

Continue with 2 x 5 and 3 x 4 arrays.

Grade 3, Module 1, Lesson 7 Available from engageny.org/resource/grade-3-mathematics-module-1-topic-c-lesson-7; accessed
2015-05-29. Copyright © 2015 Great Minds. UnboundEd is not affiliated with the copyright holder of this work.
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The commutative property helps students recognize equivalence of multiplication facts. In the lesson above, 4 rows of 2 and 2 rows of 4
have the same product. Thus, 4 x 2 = 2 x 4. Students can apply the commutative property as a strategy for knowing more multiplication
facts. If students know 4 x 2 then they also know 2 x 4. This is especially useful when students are working toward fluency with the more
challenging single-digit numbers.

Consistent, sustained work developing and applying the properties above will lead students to meet the Grade 3 fluency goals. The
following fluency mini-assessment, developed by Student Achievement Partners, assesses fluency with two one-digit numbers and is an
illustration of the kind of fluency work students do in Grade 3. The unknowns are placed in all positions to emphasize the relationship
between factors and quotients.
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Multiplication and Division Within 100 Mini-Assessment

9x2=_ ~ x7=56
24+6=__ 5%x8=_
Tx6=__ 27 +3=__
35+565=__ 64+8=__
9x_ =36 o x7=21
2%x4 =__ 45+5=__
3x3 =_ 14+7=_
36+ 6 =_ 8x__ =32
Tx7=_ 5x =25
_ x2=12 28+4=__

“Multiplication and Division within 100 Mini-Assessment’ by Student Achievement Partners is licensed underCC O 1.0.

Grade 3: Problem-solving

In Grade 3, students use multiplication and division to solve word problems; they also extend problem-solving from K-2 to include two-
step problems using the four operations. Let’s take a closer look at each of these.

Students use multiplication and division within 100 to solve word problems in situations involving equal groups, arrays, and measurement
quantities. (ll 3.0A.A.3) These situations are described in the first two rows of Table 2 The task below uses the context of money
(work with whole dollar amounts begins in grade 2 (d2.MD.C.8)).
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Gifts From Grandma, Variation 1

a. Juanita spent $S9 on each of her 6 grandchildren at the fair. How much money did she spend?
b. Nita bought some games for her grandchildren for $8 each. If she spent a total of $48, how many games did Nita buy?
c. Helen spent an equal amount of money on each of her 7 grandchildren at the fair. If she spent a total of $42, how much
did each grandchild get?
Solutions
Solution: Tape diagram
This task needs a tape diagram solution.

Solution: Writing multiplication equations for division problems
a. Sandra spent 6 groups of $9, which is 6 x 9 = 54 dollars all together.
b. Since the number of games represent the number of groups, but we don't know how many games she bought, this is a
"How many groups?" division problem. We can represent it as
?x8=48
or
48 +8=7
So Nita must have bought 6 games.

c. Here we know how many grandchildren there are (so we know the number of groups), but we don’t know how much
money each one gets (the number of dollars in each group). So this is a "How many in each group?" division problem. We
can represent it as

7x?=42
or
42 =7 =7
So Helen must have given each grandchild $6.

“Gifts From Grandma, Variation 1" by Illustrative Mathematics is licensed underCC BY 4.0.

The task shows three equal groups problems in which the unknown is in a different position. Té first problem is a multiplication problem
in which the product is unknown (Unknown Product). The next two problems show two related division/unknown factor problems: "How
many groups?" (Number of Groups Unknown) and "How many in each group?" (Group Size Unknown).

Also in Grade 3, students solve two-step word problems involving any combination of the four operations. In addition, formal use of
algebraic language begins in Grade 3 with use of a letter for unknown. While students have been using a symbol for the unknown since
first grade, specifically using a letter for the unknown begins in Grade 3. Two-step problems may require one representation and solution
or more difficult problems may require two representations and solutions. The task below illustrates a multiplication and subtraction
problem in which the solution is shown in two steps and an equation using a letter for the unknown is used to represent the problem.
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The Class Trip

Mrs. Moore’s third grade class wants to go on a field trip to the science museum.

e The cost of the trip is $245.
e The class can earn money by running the school store for 6 weeks.
e The students can earn $15 each week if they run the store.

1. How much more money does the third grade class still need to earn to pay for their trip?
2. Write an equation to represent this situation.

Solution
a. We can start by finding out how much money the students can make at the store:

6x15=6x10+6x5=60 + 30 =90
Since
245 -90 =155

the students still need $155 dollars for the field trip.

b. We can let n stand for the amount of money they still need. We know that the amount they can make at the store is
6x15 and the amount they need to raise is 245, so one equation is
245-6x15=n
Another possible equation is
6 x15+n=245

"The Class Trip" by lllustrative Mathematics is licensed underCC BY 4.0.

In the example above, the solution shows the use of an area model to multiply 6 x 15 and shows an equation to subtract 245 - 90. Then
students reason about the solution steps (i.e., multiplication and subtraction) in order to represent the entire problem with one equation.
In Grade 3, students use area contexts to support understanding of multiplication and division. (I 3.MD.C.7) Students relate arrays to
rectangular areas and use this relationship to show that multiplying the side lengths of a rectangle yields the area of the rectangle. From
there, students can use area models to represent multiplication problems.

Suggestions for students who are below grade level

So what do all of these prerequisites mean? If students come to Grade 4 without a solid grasp of the ideas named above (or haven't
encountered them at all), what can you do? It's not practical (or even desirable) to reteach everything students should have learned in
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Grades 2-3; there’s plenty of new material in Grade 4, so the focus needs to be on grade-level standards. At the same time, there are
strategic ways of wrapping up “unfinished learning” from prior grades. Here are a few suggestions for adapting your instruction to bridge
the gaps with respect to preparedness for multiplication and division with whole numbers.

e |f a significant number of your students lack the skill and understanding of the Grade 2 prerequisites for multiplication, work
with visual models (such as arrays and partitioning rectangles) and skip-counting may offer necessary scaffolding.
Planning a few introductory lessons that ask students to analyze and write repeated addition equations from arrays or tiled
rectangles to begin a unit on multiplication and division can support students with these prerequisites. This module provides
lessons that introduce students to arrays (Topic B) and partitioning rectangles (Topic C). For skip-counting, consider a daily
fluency warm-up that gives students time to learn and practice this skill, such as thewarm-up activity inthis lesson.

e |f a significant number of your students are struggling with interpretingproducts as the total number of objects in equal
groups and solvingword problems involving arrays and/or equal groups, consider planning an introductory lesson on
these Grade 3 understandings. This lesson is a good place to start. Once this idea is introduced, a “problem of the day” owarm-
up structure using, for example, the application problems found throughoutthis module will help students with this prerequisite
understanding. Simpler two-step word problems like this one may also be appropriate for students that are struggling with
grade level problems using the four operations. A daily two problem sequence featuring one problem from Grade 3 and one
from Grade 4 can be an effective strategy for building to grade level work.

e |[f a significant number of your students lack fluency with multiplication and division, spending a few days on strategies
based on the properties of multiplication at the start of a unit on multiplication and division may be well spentThis lesson
on using the distributive property to multiply and this lesson on the associative property are good places to start. Once students
are comfortable applying these strategies, consider incorporating daily fluency activities like multiplication and division sprints
to support fluency; the “pattern sheet” activities associated with the lessons inthis module are examples of these

Beyond Grade 4: What'’s next with multiplication and division?

Grade 5: Advancements in multiplication and division

It is helpful to understand how students will build on their understanding of multiplication and division in later grades. Understanding the
progression of this content can help to solidify the focus in fourth grade. It helps us to define the limits of our instruction in Grade 4 and
helps us see why we focus so intently on a small number of concepts. At the same time, we realize that we want to set our students up
for future success, and knowing the next steps in their journey can help us focus our lessons on the knowledge and skills that matter
most.

In Grade 5, students extend their understanding of multiplicative comparisons to interpret multiplication as scaling, including the use of

fractions.>NFBB:3 | the example below, students use multiplicative comparison, with a context including fractions, to scale a quantity

up.
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Grade 5

A company uses a sketch to plan an advertisement on the side of
a building. The lettering on the sketch is 3/4 inch tall. In the
actual advertisement, the letters must be 34 times as tall. How
tall will the letters be on the building?

(Source: Grade 5, Module 4, Lesson 22 from EngageNY.org of
the New York State Education Department is licensed underCC
BY-NC-SA 3.0)

- In this problem, we see students doing something similar to
Grade 4, only now their work involves fractions. In fact, the notion of
scaling a quantity up or down will help when students solve
problems with equivalent ratios in Grade 6.

Students are also expected to fluently use the standard algorithm for multiplication by the end of Grade Yll 5.NBT.B.5 )and by end of
Grade 6 for division. (‘) 6.NS.B.2 )Students use visuals like area models to provide meaning for algorithms. The example below shows
how a student might support multi-digit multiplication using an area model and connecting that area model to the standard algorithm.
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Grade 5, Module 2, Lesson 6: Concept Development

Problems 2-3
814 x 39

624 x 82

T: (Write 814 x 39 on the board.) Partner A, use the standard algorithm to solve. Partner B, draw an area model to solve.

oo+ 10+ 4

9\ 7,200 %o 13| 7,326
+
30| 24000 300|120 | 424 420

—— 3), Tkb

T4

x 39
—_—
7326

w2442 0
e
3176

T: (Draw and solve.)

Grade 5, Module 2, Lesson 6Available from engageny.org/resource/grade-5-mathematics-module-2-topic-b-lesson-6; accessed
2015-05-29. Copyright © 2015 Great Minds. UnboundEd is not affiliated with the copyright holder of this work.

Examples like these are an important part of work in Grade 5; students become comfortable with the standard algorithm by connecting
it to prior work with visual models and other strategies.

If you've just finished this entire guide, congratulations! Hopefully it's been informative, and you can return to it as a reference when
planning lessons, creating units, or evaluating instructional materials. For more guides in this series, please visit our Enhance Instruction

page. For more ideas of how you might use these guides in your daily practice, please visit ouFrequently Asked Questions page And if

you're interested in learning more about Operations & Algebraic Thinking in Grade 4, don't forget these resources:

Student Achievement Partners: Focus in Grade 4

Draft K-5 Progression on Counting and Cardinality and Operations and Algebraic Thinking

EngageNY: Grade 4 Module 3 Materials

lllustrative Mathematics Grade 4 Tasks
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Endnotes

[1] The Common Core State Standards for Mathematics (CCSSM) are organized into major, additional and supporting clusterdn the Foc
us by Grade Level documents from Student Achievement Partners.

[2] Progressions for the Common Core State Standards in Mathematics (draft): K, Counting and Cardinality; K-5, Operations and
Algebraic Thinking, p. 29.

[3] Adapted from CCSSMTable 2.

[4] For more information about these properties see “Properties of multiplication and the relationship between multiplication and
division” in the UnboundEd Grade 3 Guide to the Operations & Algebraic Thinking domain.

[5] Decomposing and composing numbers to make easier multiplication and division problems is considered a Level 3 multiplication
method. This is the most sophisticated strategy used by students in working toward fluency with single-digit facts in Grade 3. The Level
1 method is representing and counting all. The Level 2 method is counting on by (i.e., skip-counting). The Level 3 method rests on
understanding of the associative property of multiplication and the distributive property and both properties require decomposition of
numbers. You can read more about how students use Level 3 methods of computation to establish fluency with multiplication and
division in the Draft K-5 Progression on Counting and Cardinality and Operations and Algebraic Thinkingor the UnboundEd Grade 3

Guide to the Operations & Algebraic Thinking domain.

[6] In Grades K-2, students focus extensively on representing and solving word problems involving addition and subtraction of whole
numbers within 100. Table 1 from CCSSM describes the different problem-solving situations students are expected to master by end of
Grade 2. Students are expected to continue to engage with these problem-solving situations in Grades 3-5, however, students use larger
numbers, numbers other than whole numbers, and combine the use of several operations to solve multistep word problems. It is
important to become familiar with the problem-solving situations described in Table 1.

[7] Front Matter for Progressions for the Common Core State Standards in Mathematics (draft), p. 12.

[8] From left to right the examples are taken from EngageNY: Grade K, Module 4, Lesson 3; Grade 1, Module 1, Lesson 5; Grade 2,
Module 4, Lesson 2; Grade 3, Module 1, Lesson 3; Grade 3, Module 1, Lesson 18.

[9] Progressions for the Common Core State Standards in Mathematics (draft): K, Counting and Cardinality; K-5, Operations and
Algebraic Thinking, p. 30.

[10] Progressions for the Common Core State Standards in Mathematics (draft): Grade 8, High School, Functions, p. 4.

[11] The idea that standards relate strongly to one another is known as coherence, and is a distinctive feature of the Common Core
State Standards for Math. If you're interested in exploring more of the connections between standards, you might want to check out the
Student Achievement Partners Coherence Map, which illustrates them visually.

[12] Progressions for the Common Core State Standards in Mathematics (draft): K, Counting and Cardinality; K-5, Geometric
Measurement, p. 20.

[13] Progressions for the Common Core State Standards in Mathematics (draft): K-5, Geometric Measurement, p. 22.

[14]This is not the first time students have engaged with properties of operations. Underlying students work with addition and
subtraction in Grades K-2 is an understanding of the properties of addition, as well as knowledge of the relationship between addition
and subtraction, and fluidity with decomposing and composing numbers in order to add and subtract. (ll K.OA.A.3, Il 1.0A.C.6)
Students apply these understandings, in addition to place value understandings, as strategies to solve increasingly complex addition and
subtraction problems.

[15] CCSSM Table 2.
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