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Lesson 18:  Slicing on an Angle 

Student Outcomes
· Students describe polygonal regions that result from slicing a right rectangular prism or pyramid by a plane that is not necessarily parallel or perpendicular to a base.

Lesson Notes 
In Lessons 16 and 17, slices are made parallel or perpendicular to the base and/or faces of a right rectangular prism and to the base of a right rectangular pyramid.  In this lesson, students examine the slices resulting from cuts made that are not parallel or perpendicular to a base or face.  As in Lessons 16 and 17, students should have tangible visual aids to assist them in their work; nets of right rectangular prisms and pyramids are available at the end of the module.

Classwork Scaffolding:
As with the last lesson, understanding the slices is made easier when students are able to view and handle physical models.  Consider using the figures constructed from the nets at the end of the module after Lesson 27.

Discussion (3 minutes) 
Lead students through a discussion regarding the change in the kinds of slices made in Lessons 16 and 17 versus those being made in Lesson 18.  It may be useful to have models of right rectangular prisms, right rectangular pyramids, and cubes available throughout the classroom.
· What did the slices made in Lessons 16 and 17 have in common?
· The slices in both lessons were made either parallel or perpendicular to a base (or, in the case of right rectangular prism, a face) of a right rectangular prism and right rectangular pyramid.
· In this lesson, we examine slices made at an angle, or in other words, slices that are neither parallel nor perpendicular to any face of the prism or pyramid.  Which of the following could be a slice of a right rectangular prism?  Of a cube?  Of a right rectangular pyramid?  Students may choose their method of their representation of the slice (e.g., drawing a 2D or 3D sketch or describing the slice in words).
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· The square shaped slice can be made from a slice parallel to the base of a right rectangular prism, cube, and right rectangular pyramid with a square base.  The triangle-shaped slice and isosceles trapezoid-shaped slice can be made with a slice made perpendicular to the base of a right rectangular pyramid.  A pentagon-shaped slice cannot be made from a slice made parallel or perpendicular to the base of either a right rectangular prism, right rectangular pyramid, or cube.
Example 1 (7 minutes)
Pose Example 1 as a question to be discussed in small groups.  In this problem, students must visualize the different types of triangles that can be sliced from a right rectangular prism.
[image: ]
Example 1Figure 1

a. [image: ]With your group, discuss whether a right rectangular prism can be sliced at an angle so that the resulting slice looks like the figure in Figure 1?  If it is possible, draw an example of such a slice into the following prism.
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Once students have had some time to attempt Example 1, pose the following questions:
· Is it possible to make a triangular slice from this prism?  Where would this slice have to be made?  Students may choose their method of their representation of the slice (e.g., drawing a 2D or 3D sketch or describing the slice in words).
· Yes, it is possible.  It can be done by slicing off a corner of the right rectangular prism.  
· Here, and elsewhere, some students may be able to visualize this right away, while others may struggle.  Allow some time to see if any one group has a valid answer.  If there is a valid answer, use it for the next item; otherwise, share the following triangular slice of a right rectangular prism.
· [image: ]Here is a slice that results in a triangular region.  Does this triangle have three equal sides, two equal sides, or no equal sides?  Encourage students to use a ruler to verify their answers.
· The slice is a triangle with no equal sides. 
· At how many points does the slice meet an edge of the right rectangular prism?  What makes these points important with respect to the triangle?
· The slice meets an edge of the right rectangular prism at three points, one on each of three edges; these three points are the vertices of the triangle.
· Find another slice that will create another scalene triangular region.  Mark the vertices on the edges of the prism.  Allow students a few moments to determine the slice before moving on.

Exercise 1 (7 minutes)  
· Students will have to experiment with their drawings to find the combination of lengths and positions of segments to form the shapes of the slices in parts (a) and (b).
[image: ]
Exercise 1
With your group, discuss how to slice a right rectangular prism so that the resulting slice looks like the figure in Figure 2.  Justify your reasoning.  
I would use a ruler to measure two segments of equal length on two edges that meet at a common vertex.  Then I would join these two endpoints with a third segment. MP.7
Figure 2


[image: ]With your group, discuss how to slice a right rectangular prism so that the resulting slice looks like the figure in Figure 3.  Justify your reasoning.
I would use a ruler to measure three segments of equal length on three edges that meet at a common vertex. 
Figure 3



Example 2 (7 minutes)
[image: ]
Example 2
With your group, discuss whether a right rectangular prism can be sliced at an angle so that the resulting slice looks like the figure in Figure 4.  If it is possible, draw an example of such a slice into the following prism.
[image: ]MP.3
Figure 4



Once students have had some time to attempt Example 2, pose the following questions.
· Is it possible to slice this right rectangular prism to form a quadrilateral cross section?  Remember, we are slicing at an angle now.  Consider what you know about vertices and the edges they fall on from Example 1. 
· Again, some students may be able to visualize this right away, while some might not.  Give students time to experiment with the solution.  Use a valid response to the question to move forward, or simply share the image provided.
[image: ]
· Here is one possible slice in the shape of a quadrilateral.  Notice the slice is, in fact, made by a plane.  A common error, especially when outlining a quadrilateral slice by its vertices, is to make a “slice” that is not a true slice because the figure could not be made by a single plane.
· What must be true about the opposite sides of the quadrilateral?
· The opposite sides are parallel.
· The conclusion that the opposite sides of the quadrilateral region are parallel is based on the above image.  This conclusion likely comes from their understanding that the opposite faces of the right rectangular prism are parallel.  Therefore, since the opposite sides lie in these faces, they too must be parallel.  This might be an appropriate time to show them an image like the following:
[image: ]
· Though the segments lie in planes that are a constant distance apart, the segments are not parallel.
· Because the earlier slice is made by one plane, the segments that form the sides of the quadrilateral-shaped slice both lie in the same plane as each other and in opposite faces that are an equal distance apart.  Together, this means the segments are parallel.
· Not only is this slice a quadrilateral, but it is a special quadrilateral.  What kind of special quadrilateral-shaped slice must it be?
· Since we have determined the opposite sides of the quadrilateral to be parallel, the quadrilateral must be a parallelogram.
· Have students draw another example of a slice through the right rectangular prism that results in a parallelogram shape.

Exercise 2 (5 minutes)  

Exercise 2
In Example 2, we discovered how to slice a right rectangular prism to makes the shapes of a rectangle and a parallelogram.  Are there other ways to slice a right rectangular prism that result in other quadrilateral-shaped slices?



· Allow students more time to experiment with other possible slices that might result in another kind of quadrilateral.  If there is no valid response, share the figure below: 
[image: ]
· A slice can be made to a right rectangular prism at an angle so that the resulting cross section is a trapezoid (example shown above).  In addition to slicing at an angle, it is also possible to slice perpendicular to a face or base to form a trapezoid-shaped slice.

Example 3 (5 minutes)
In Example 3, make sure students understand that the edges of a slice are determined by the number of faces the slicing plane meets.  In other words, there is a correspondence between the sides of the polygonal region formed by the slice and the faces of the solid; the polygon cannot have more sides than there are faces of the solid.

Example 3
Slicing a plane through a right rectangular prism so that the slice meets the three faces of the prism, the resulting slice is in the shape of a triangle; if the slice meets four faces, the resulting slice is in the shape of a quadrilateral.  Is it possible to slice the prism in a way that the region formed is a pentagon (as in Figure 5)?  A hexagon (as in Figure 6)?  An octagon (as in Figure 7)?
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	Figure 5
	Figure 6
	Figure 7


Yes, it is possible to slice a right rectangular prism with a plane so that the resulting cross section is a pentagon; the slice would have to meet 5 of the 6 faces of the prism.  Similarly, it is possible for the slice to take the shape of a hexagon if the slice meets all 6 faces.  It is impossible to create a slice in the shape of an octagon because a right rectangular prism has six faces, and it is not possible for the shape of a slice to have more sides than the number of faces of the solid. 

Draw an example of a slice in a pentagon shape and a slice in a hexagon shape.
[image: ]






· Remind students that marking the vertices of each slice on the edges of the prism will facilitate the drawing of the “slice.”

Example 4 (5 minutes)
Students apply what they learned in Examples 1–3 to right rectangular pyramids.
· We have explored slices made parallel and perpendicular to the base of a right rectangular pyramid.  What shapes did those slices have in common?
· Parallel slices yielded scale drawings of the base (with a scale factor less than 1), and slices made perpendicular to the base yielded slices in the shapes of triangles and trapezoids.

[image: ]Example 4
With your group, discuss whether a right rectangular pyramid can be sliced at an angle so that the resulting slice looks like the figure in Figure 8.  If it is possible, draw an example of such a slice into the following pyramid.MP.3


Figure 8



· Allow students time to experiment with this slice.  Remind students that marking the vertices of the slice on the edges of the pyramid will facilitate the drawing of the “slice.”
· If there is no valid response, share the figure below: 
[image: ]
· Ask students to find a second slice in the shape of a pentagon. 

[image: ]With your group, discuss whether a right rectangular pyramid can be sliced at an angle so that the resulting slice looks like the figure in Figure 9.  If it is possible, draw an example of such a slice into the pyramid above.
It is impossible to create a slice in the shape of a hexagon because a right rectangular pyramid has five faces, and it is not possible for the shape of a slice to have more sides than the number of faces of the solid.Figure 9
MP.7




Closing (1 minute)
· Slices made at an angle are neither parallel nor perpendicular to a base (or, in the case of right rectangular prisms, a face).
· There cannot be more sides to the polygonal region of a slice than there are faces of the solid.
· Refer students to an interactive experience of “slicing” solids at the following Annenberg Learner website: 
http://www.learner.org/courses/learningmath/geometry/session9/part_c/

[bookmark: _GoBack]Exit Ticket (5 minutes)

Name                 							         		Date              		         
Lesson 18:  Slicing on an Angle

Exit Ticket

Draw a slice that has the maximum possible number of sides for each solid.  Explain how you got your answer.

[image: ][image: ]

Exit Ticket Sample Solutions

Draw a slice that has the maximum possible number of sides for each solid.  Explain how you got your answer.
The slice in the right rectangular prism should be hexagonal (diagrams will vary); the slice in the right rectangular pyramid should be pentagonal (again, diagrams will vary).
The edges of a slice are determined by the number of faces the slicing plane meets; there cannot be more sides to the polygon than there are faces of the solid.

Problem Set Sample Solutions
Note that though sample drawings have been provided in Problems 1 and 2, teachers should expect a variety of acceptable drawings from students.

Draw a slice into the right rectangular prism at an angle in the form of the provided shape, and draw each slice as a 2D shape.
	
	
	Slice made in the prism
	Slice as a 2D shape

	a. 
	A triangle
	[image: ]
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	b. 
	A quadrilateral
	[image: ]
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	c. 
	A pentagon
	[image: ]
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	d. 
	A hexagon
	[image: ]
	




Draw slices at an angle in the form of each given shape into each right rectangular pyramid, and draw each slice as a 2D shape:
	
	
	Slice made in the pyramid
	Slice as a 2D shape

	a. 
	A triangle
	[image: ]
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	b. 
	A quadrilateral
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	c. 
	A pentagon
	[image: ]
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Why isn’t it possible to draw a slice in the shape of a hexagon for a right rectangular pyramid?
It is not possible for the shape of a slice to have more sides than the number of faces of the solid.

If the slicing plane meets every face of a right rectangular prism, then the slice is a hexagonal region.  What can you say about opposite sides of the hexagon?
The opposite sides of the hexagon lie in opposite faces; therefore, they are parallel.



Draw a right rectangular prism so that rectangles  and  are base faces.  The line segments , , , and  are edges of the lateral faces.  
A slicing plane meets the prism so that vertices ,, , and  lie on one side of the plane and vertices ,,, and  lie on the other side.  What other information can be concluded about the slice based on its position?
The slice misses the base faces  and  since all the vertices of each face lie on the same side of the plane.  The slice meets each of the lateral faces in an interval since each lateral face has two vertices on each side.  The slice is a quadrilateral.  In fact, the slice is a parallelogram because opposite faces of a right rectangular prism lie in parallel planes.  

A slicing plane meets the prism so that vertices , , , and  are on one side of the plane and vertices ,,, and  are on the other side.  What other information can be concluded about the slice based on its position?
The slice meets each face in line segments because in each case three of the vertices of the face are on one side of the plane and the remaining vertex lies in the opposite side.  The slice is a hexagon because it has six edges.  Opposite sides of the hexagon are parallel since they lie in parallel planes.
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