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Lesson 1:  Wishful Thinking—Does Linearity Hold?

Student Outcomes
Students learn when ideal linearity properties do and do not hold for classes of functions studied in previous years.
Students develop familiarity with linearity conditions.

Lesson Notes
This is a two-day lesson in which we introduce a new definition of a linear transformation and look at common mistakes that students make when assuming that all linear functions meet the requirements for this new definition.  A linear transformation is not equivalent to a linear function, which is a function whose graph is a line and can be written as 
.  In this sequence of lessons, a linear transformation is defined as it is in linear algebra courses, which is that a function is linear if it satisfies two conditions:  
 and .  This definition leads to surprising results when students study the function .  Students apply this new definition of linear transformation to classes of functions learned in previous years and explore why the conditions for linearity sometimes produce false statements.  Students then solve to find specific solutions when the conditions for linearity produce true statements, giving the appearance that a linear function is a linear transformation when it is not.  In Lesson 1, students explore polynomials and radical equations.  Lesson 2 extends this exploration to trigonometric, rational, and logarithmic functions.  Lessons 1 and 2 focus on linearity for real-numbered inputs but lead to the discovery of complex solutions and launch the study of complex numbers.  This study includes operations on complex numbers as well as the use of conjugates to find moduli and quotients.  

Classwork
Exploratory Challenge (13 minutes)
In this Exploratory Challenge, students work individually while discussing the steps as a class.  Students complete the exercises in pairs with the class coming together at the end to present their findings and to watch a video.
Wouldn’t it be great if functions were sensible and behaved the way we expected them to do?
Let  and .
Write down three facts that you know about  and .
· Answers will vary.  Both graphs are straight lines.   has a -intercept of .   has a -intercept of .  The slope of  is .  The slope of  is .
Which of these functions is linear?
· Students will probably say both because they are applying a prior definition of a linear function:  
.  Introduce the following definition.
A function is a linear transformation if  and .


Based on this definition, which function is a linear transformation?  Explain how you know.MP.3

·  is a linear transformation because  and .
·  is not a linear transformation because  and 
.
Is  a linear transformation?  Explain.
·  is not a linear transformation because  and
.
Is  a linear transformation?  Explain.
·  is a linear transformation because  and .
Let .
Is  a linear transformation?
· No.  , and .
A common mistake made by many math students is saying
.  How many of you have made this mistake before?MP.3
Scaffolding:
Remind students that  means . 
Have students complete the following chart for different values of  and  and the expressions.




















Does  ?  Justify your claim.
Substitute some values of  and  into this equation to show that this statement is not generally true.
· Answers will vary, but students could choose  and 
.  In this case,  leads to , which we know is not true.  There are many other choices.
Did anyone find values of  and  that made this statement true?
· Answers will vary but could include ,  or ,  or , .
We can find all values of  and  for which this statement is true by solving for one of the variables.  I want half the class to solve this equation for  and the other half to solve for . 
· Expanding the left side and then combining like terms gives

This leads to  if students are solving for  and  if students are solving for .
We have solutions for two different variables.  Can you explain this to your neighbor?
· If  and/or , the statement  is true.  
Take a moment and discuss with your neighbor what we have just shown.  What statement is true for all real values of  and ?
·  is true for only certain values of  and , namely if either or both variables equal .  The statement that is true for all real numbers is .
A function is a linear transformation when the following are true:   and .  We call this function a linear transformation.

Repeat what I have just said to your neighbor.
· Students repeat.
Look at the functions   and  listed above.  Which is a linear transformation?  Explain.
·  is a linear transformation because  and .
 is not a linear transformation  and . 
We are just introducing linear transformations in Lessons 1 and 2.  This will lead to our discussion in Lesson 3 on when functions are linear transformations.  In Lesson 3, students discover that a function whose graph is a line may or may not be a linear transformation.

Exercises 1–2 (10 minutes)
In the exercises below, instruct students to work in pairs and to go through the same steps that they went through in the Exploratory Challenge.  Call the class back together, and have groups present their results.  You can assign all groups both examples or assign half the class Exercise 1 and the other half Exercise 2.  Exercise 2 is slightly more difficult than Exercise 1.Scaffolding:
For advanced learners, assign Exercises 1 and 2 with no leading question.
Monitor group work and target some groups with more specific questions to help them with the algebra needed.  For example, remind them that .
Also remind them how to multiply binomials.


Exercises 1–2MP.3
&
MP.8

Look at these common mistakes that students make, and answer the questions that follow.
If , does , when  and  are not negative?
a. [bookmark: _GoBack]Can we find a counterexample to refute the claim that  for all nonnegative values of  and ?
Answers will vary, but students could choose  and .  In this case, 
, or , which we know is not true.  There are many other choices.

b. Find some nonnegative values for  and  for which the statement, by coincidence, happens to be true.
Answers will vary but could include ,  or ,  or , .

c. Find all values of  and  for which the statement is true.  Explain your work and the results.

which leads to  if students are solving for  and  if students are solving for .
Anytime  and/or , then , and the equation is true.

d. Why was it necessary for us to consider only nonnegative values of  and ?
If either variable is negative, then we would be taking the square root of a negative number, which is not a real number, and we are only addressing real-numbered inputs and outputs here.
e. Does  display ideal linear properties?  Explain.
No, because  for all real values of the variables.
MP.3
&
MP.8

If , does ?
f. Substitute in some values of  and  to show this statement is not true in general.
Answers will vary, but students could choose  and .  In this case, or , 
which we know is not true.  There are many other choices.

g. Find some values for  and  for which the statement, by coincidence, happens to work.
Answers will vary but could include ,  or ,  or , .

h. Find all values of  and  for which the statement is true.  Explain your work and the results.

which leads to , , and .
Anytime  and/or  or , then , and the equation is true.

i. Is this true for all positive and negative values of  and ?  Explain and prove by choosing positive and negative values for the variables.
Yes, since  , if  is positive, the equation would be true if  was negative.  Likewise, if  is negative, the equation would be true if  was positive.  Answers will vary.  If  and , 
 meaning  or .  If  and , 
 meaning , or .  Therefore, this statement is true for all positive and negative values of  and .

j. Does  display ideal linear properties?  Explain.
No, because  for all real values of the variables.

Extension Discussion (14 minutes, optional)
As a class, watch this video (7 minutes) that shows another way to justify Exercise 1 (http://www.jamestanton.com/?p=677).  Discuss what groups discovered in the exercises and what was shown in the video.  If time allows, let groups present findings and discuss similarities and differences.

Closing (3 minutes)
Ask students to perform a 30-second Quick Write explaining what we learned today using these questions as a guide. 
· When does ?  How do you know?
· When  and/or .

· When does ?  How do you know?
· When  and/or .
Are  and/or  always the values when functions display ideal linear properties?
· No, it depends on the function.  Sometimes these values work, and other times they do not.  Sometimes there are additional values that work such as with the function , when  =  also works.
When does a function display ideal linear properties?
· When  and .

Exit Ticket (5 minutes) 



Name ___________________________________________________		Date____________________        
Lesson 1:  Wishful Thinking—Does Linearity Hold?

Exit Ticket

Xavier says that  but that .  He says that he can prove it by using the values
 and .  Shaundra says that both  and  are true and that she can prove it by using the values of  and  and also  and .  Who is correct?  Explain.














2.	Does  display ideal linear properties?  Explain.





Exit Ticket Sample Solutions

1. Xavier says that  but that .  He says that he can prove it by using the values  and .  Shaundra says that both  and  are true and that she can prove it by using the values of  and  and also  and .  Analyze their respective claims.  
Neither is correct.  Both have chosen values that just happen to work in one or both of the equations.  In the first equation, anytime  and/or , the statement is true.  In the second equation, anytime  and/or  and also when , the statement is true.  If they tried other values such as  and , neither statement would be true.

1. Does  display ideal linear properties?  Explain.
No, , but .  These are not equivalent.  
Also, , but .  
They are not equivalent, so the function does not display ideal linear properties.


Problem Set Sample Solutions
Assign students some or all of the functions to investigate.  All students should attempt Problem 4 to set up the next lesson.  We hope students may give some examples that we will study in Lesson 2.

Study the statements given in Problems 1–3.  Prove that each statement is false, and then find all values of  and  for which the statement is true.  Explain your work and the results.
1. If , does ?  
Answers that prove the statement false will vary but could include  and .
This statement is true when  and/or .

2. If , does ?
Answers that prove the statement false will vary but could include  and .
This statement is true when  and/or  and when .

3. If , does ?
Answers that prove the statement false will vary but could include  and .
This statement is true when  and/or .

4. Think back to some mistakes that you have made in the past simplifying or expanding functions.  Write the statement that you assumed was correct that was not, and find numbers that prove your assumption was false.
Answers will vary but could include , which is false when  and  equal  
, which is false for 
 which is false for ,  which is false for .
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