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Lesson 10:  The Geometric Effect of Some Complex Arithmetic 

Student Outcomes
Students represent multiplication of complex numbers geometrically on the complex plane. 

Lesson Notes
This is the second of a two-day lesson in which students continue to explore the geometric interpretations of complex arithmetic.  In Lesson 9, students studied the geometric effects of adding and subtracting complex numbers.  Lesson 10 focuses on multiplication of complex numbers and the geometric effect.  Students revisit the concept of linearity in this lesson.  Students need graph paper for each exercise and example.
[bookmark: _GoBack]
Classwork 
Opening Exercises (8 minutes)
Lesson 8 introduced the geometric effect of adding complex numbers.  This opening exercise helps students solidify that concept as well as the geometric effect of multiplying by  and taking the complex conjugate.  Students need a firm grasp of all of these topics to understand the geometric effect of multiplying by a complex number.  Students should work in small groups or pairs.  Each student will need a piece of graph paper.Scaffolding:
Provide graphs with grid lines or with original points or points and images plotted for students with eye-hand or spatial difficulties.


Opening Exercises
[image: ]Given , plot and label the following and describe the geometric effect of the operation.
a. 
 units on the real axis to the right of the origin, and  units on the imaginary axis below the origin.

b. 
 units on the real axis to the left of .

c. 
 units on the imaginary axis above .

d. 
 units on the real axis to the left of  and  units on the imaginary axis above .
Describe the geometric effect of the following:
1. Multiplying by .
A  rotation about the origin.

f. Taking the complex conjugate.
Reflects the imaginary number across the real axis.

g. What operation reflects a complex number across the imaginary axis?
The opposite of the conjugate () reflects a complex number across the imaginary axis.

Example 1 (8 minutes)
In Example 1, students multiply complex numbers by a constant to discover the geometric effect.  Allow students to work in pairs or in small groups.  We will confirm students’ conjectures that multiplying a complex number by a constant creates a dilation with the constant as the scale factor by calculating the length of the segment from the point to the origin before and after transformation.  Students will need graph paper.Scaffolding:
When confirming dilations in Example 1, assign struggling students with points on the axes or with coefficients of 1 and a constant that is a small whole number.
Assign advanced groups points with larger and/or negative coefficients and fractional or decimal constants.


Example 1
Plot the given points, then plot the image .
1. [image: ]
 

i. 


j. 


k. 


l. 




Algebraically, how did  effect ?
· The coefficients doubled.
Geometrically, how did  effect ?
· There was a dilation with scale factor .
Draw a segment from the origin to one point and its image.  Confirm your conjecture by finding the length of the segments.  
Assign different groups different pairs of points so as a class, all pairs are checked.
· Students confirm that every segment from the origin to the image is double the length of the segment from the origin to the original point.
Do you think the same would be true if we multiplied by a constant other than ?  Confirm your answer.
· This is true for any constant.  
Assign different groups different points by which to multiply different constants, and then have groups report their findings.  This would be a good activity to use for differentiating instruction. 

Exercises 1–7 (6 minutes) 
Students already know that multiplying by  produces a  counterclockwise rotation about the origin.  This lesson solidifies that concept in preparation for Example 2 and future lessons.  This exercise can be completed in groups or pairs.  Students will need graph paper.

Exercises 1–7
[image: ]Plot the given points, then plot the image .  
1. 
 


 











What is the geometric effect of the transformation?  Confirm your conjecture using the slope of the segment joining the origin to the point and then to its image.MP.7

Multiplying by  rotates the point  counterclockwise about the origin.  This is confirmed because the slopes of the segments joining the origin and the original points and the slopes of the segments joining the origin and the image of those points are opposite reciprocals, which means the segments are perpendicular. 

Is  a linear transformation?  Explain how you know.
Yes.   and .

Example 2 (15 minutes)
Students have discovered the geometric effect of multiplying a complex number by a constant and by .  In Example 2, we multiply by a complex number with a real and imaginary part.  Students may struggle with this, but in this lesson, we are just looking at the transformations graphically and letting students think about the geometric effect.  We want students to understand that there is a rotation and a dilation, but the exact effect will be studied in Lessons 10–12.  Students should work in small groups or pairs and will need graph paper.Scaffolding:
Allow advanced learners to do Example 2 on their own and then change , or give them this problem instead of the one listed in the example.


Example 2
[image: ]Describe the geometric effect of  given the following.  Plot the images on graph paper, and describe the geometric effect in words.
a. 
, no change.

b. 
, a  counterclockwise rotation about the origin.
MP.3

c.  
, a  counterclockwise rotation about the origin and a dilation with a scale factor of .

d. 
, a clockwise rotation about the origin of some angle measure  and a dilation with a scale factor greater than .


What was the geometric result of multiplying the complex number by ?
· There was no change.
Are you surprised by this result?
· No, multiplying by  always results in the number you started with.  It is the multiplicative identity.
What was the geometric result of multiplying by ?
· The result was a  counterclockwise rotation about the origin.  The point was reflected across the imaginary axis. 
Did this result surprise you?
· No, multiplying by  always results in a  counterclockwise rotation about the origin, but it is not always a reflection across the imaginary axis.
What would always create a reflection across the real axis?
· Taking the complex conjugate, .
What would create a reflection across the imaginary axis?
· The opposite of the complex conjugate, .
What was the geometric result of multiplying by ?
· There was a clockwise rotation and a dilation.
Can you guess how many degrees the point rotated?  Explain.  

It is ok if students do not yet fully grasp the degree of rotation, they will study this in great detail in future lessons.
· .  The angle of the segment joining the origin to the original point is  because if you draw a right triangle, each leg is  unit, so the triangle is a special –– triangle.  The image is on the -axis so that is a .  If the original point was at a  angle and the reflection is at an angle of , the angle that the point rotated was .
What was the scale factor of the dilation?  Explain.
· The segment joining the origin and the original point was the hypotenuse of a –– with legs of length  unit, so it was  units in length by the Pythagorean theorem.  The segment joining the origin and the image is  units in length.  This means that the original length was multiplied by a scale factor of  to get the length of the segment containing the image.
What was the result of multiplying by ?
· A clockwise rotation and a dilation greater than .
Can you determine the angle of rotation and the dilation scale factor?
Students will probably not be able to determine the answers for this result, but this will be studied in detail later.  You can leave it for them to think about.
· Scale factor is  and .

Closing (3 minutes)
Have students explain the following questions to a neighbor, then bring the class back together for a debrief.  Encourage students to draw diagrams to support their responses.
Explain the geometric effect of multiplying a complex number by the following:
.
· There is no change.  The number stays where it was.
.
· This produces a counterclockwise rotation of  about the origin.
.
· The result is a rotation about the origin and a dilation.

Exit Ticket (5 minutes) 


Name                 							         		Date              		         
Lesson 10:  The Geometric Effect of Some Complex Arithmetic

Exit Ticket

Given , describe the geometric effect of the following:  
















[image: ]If  is the result of a  counterclockwise rotation about the origin from , find .  Plot  and  in the complex plane.





Explain the geometric effect of  if you multiply  by , where 
.

Exit Ticket Sample Solutions

1. Given ,  describe the geometric effect of the following: 
2. 
It has a dilation with a scale factor of .

f. 
It has a dilation with a scale factor of .

g. 
It has a   counterclockwise rotation about the origin.
[image: ]
1. Let   is the result of a  counter clockwise rotation about the origin from , find .  Plot  and  in the complex plane.


Explain the geometric effect of  if you multiply  by ,  where  .
It has a   counterclockwise rotation about the origin and a dilation with a scale factor of .  


Problem Set Sample Solutions

1. [image: ]Let , simplify the following and describe the geometric effect of the operation.  Plot the result in the complex plane.
4. 

 is shifted  units to the right and  units downward.

a. 

 is shifted  units to the left and  units downward.

b. 

 is shifted  units to the left and units upward.

c. 

 has a dilation with a scale factor of .

d. 

 has a dilation with a scale factor of .

Let ,  simplify the following and describe the geometric effect of the operation. 
e. 

 is rotated counterclockwise.

f. 
 
OR

 is rotated  counterclockwise. 

g. 

 is reflected about the real axis.

h. 
 
 is reflected about the imaginary axis.

i. 
 
 is reflected about the real axis first, and then is rotated  counterclockwise.

j. 
 
 is rotated  counterclockwise, and then has a dilation with a scale factor of .
k. 
 
 is rotated  counterclockwise first, and then shifted  units to the right and  units downward. 

Simplify the following expressions.
l. 


m. 


n. 
 

o.  (Hint:  )


p. 


q. , provided .

[image: ]
Given  , describe the geometric effect of the following.  Plot the result. 
r. 
 is rotated   counterclockwise and has a scale factor  multiplying to .

s. 
 is rotated  counterclockwise and has a scale factor  multiplying to .

We learned that multiplying by  produces a  counterclockwise rotation about the origin.  What do we need to multiply by to produce a  clockwise rotation about the origin?  
We need to multiply by .  If  ( is a  counterclockwise rotation about the origin from ), , which means that if we divide  by , we will get to , which will create a   clockwise rotation about the origin from .  Another response:   clockwise is  counterclockwise, so you could multiply by  to map  to .



Given  is a complex number , determine if  is a linear transformation.  Explain why or why not.
t. 
Yes.  , so  and .  
 and .  
Since  and  the function is a linear transformation. 

u. 
No.   and .   and .  
Since  and  the function is not a linear transformation. 
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