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Lesson 16:  Making Fair Decisions 

Student Outcomes 
Students use probabilities to make fair decisions (e.g., drawing by lots, using a random number generator).

Materials List
In this lesson, students will work in groups of three.  Each group will need the following:
Bag, hat, or bowl
A fair six-sided die
Spinner
Deck of cards (optional)
Random number generators are also used in this lesson.  Students should have access to a graphing calculator, computer software, or a random number app on a smartphone, tablet, or computer.  If needed, a table of random numbers can be used in the place of technology.

Lesson Notes
In this lesson, students determine if a decision is fair.  Use the opening example as a guide to have students begin to articulate their own meaning of fair.  Before students begin the exploratory component of the lesson, a class discussion should also revolve around the idea of how a seemingly fair decision can be manipulated to become unfair or biased.  For example, a simple flip of a coin to determine a decision can be manipulated by a person if it is replaced by a coin with two heads.  
The term drawing by lots is another name for selecting at random and may be the origin of the term lottery.  Because the term can have some controversial interpretations, drawing by lots is not referred to in the student materials and should not be used in classroom discussions.
Students use appropriate tools throughout the lesson as they discuss how to use probability, generally speaking, and various tools to aid in decision making.  Students reflect on the use of probability to aid in decision making.MP.5

Students will work in groups of three throughout the lesson.  This lesson can be shortened by not spending a great deal of time on the simulation activity if teachers need to get a start on Lesson 17 about fair games, which can take more than a full class period.  However, spending time on the simulation activity provides a nice link to the use of simulation to estimate probabilities in earlier grades, and ample time should be allotted for a whole class discussion.





Classwork 
Exploratory Challenge 1 (15 minutes):  What Is a Fair Decision? 
The opening example should be used to motivate a discussion around what a fair decision is and how a fair decision can be made.  Break the class up into groups of three students.  Give the groups three to five minutes to discuss the example and think about what is fair.  Then come together for a whole class discussion using the following:
Whose method is the most fair?  Explain.
· Expect groups to choose Bobby or Andre.  Using Bobby’s method of drawing a name out of a hat, the probability that each player’s name is drawn is  or .  Using Andre’s method of rolling a fair die, the probability that each player’s number is rolled is  or .  Students should not choose Chris.
Why is Chris’s method not fair?
· If a coin is flipped two times, the outcomes are {HH, TT, HT, TH}.  So, the probability that either Andre {HH} or Bobby {TT} gets the shoes is  respectively.  Since Chris could have either HT or TH, then the probability he gets the shoes is .
Is it possible to modify Chris’s plan in order for it to be considered fair?
· Yes.  The order of the coin flip should matter.  Chris could keep the shoes if a head appears on the first flip of the coin and a tail appears on the second.  If a tail appears first and then a head, the coin has to be flipped two more times.
How can we define what is meant by fair here?
· Each player is equally likely to get the shoes.
Explain that one goal of a fair decision is to eliminate bias.
Is there anything that Bobby or Andre could have done to make their methods unfair (i.e., biased)?
· Expect multiple responses.
· Bobby could have written his name on big pieces of paper and the names of the other players on small pieces of paper.  If he was the one to draw the name from the hat, he could have felt the difference and chosen his name more easily.
· If Chris rolled the die, he could replace it with a die that is unfair without the other players knowing.  The sides could be numbered , , , , , and, which would give Chris an unfair advantage, and Bobby would have no chance at winning.

Exploratory Challenge 1:  What Is a Fair Decision? 
Andre, Bobby, and Chris are competing in a -on- basketball tournament where a set number of teams compete to determine a winning team.  Each basketball team plays with three players on the court at the same time.
The team of three wins the tournament.  Part of the prize package is a pair of new basketball shoes.  All three players want the shoes, but there is only one pair.  The boys need to figure out a fair way to determine who gets to keep the new shoes.
· Chris wants to flip a coin two times to decide who will get the shoes.  If two heads appear, then Andre keeps the shoes.  If two tails appear, then Bobby keeps the shoes.  And if one head and one tail appear (in either order), then Chris will keep the shoes.
· Bobby wants to write each of their names  times on torn pieces of paper and put all  pieces in a hat.  He will give the hat a good shake, and then Bobby will choose one piece of paper from the hat to determine who gets the shoes.
· Andre wants to roll a fair six-sided die to decide who will keep the shoes.  If a  or  appears, Andre will keep the shoes.  If a  or  appears, Bobby will keep the shoes.  If a  or  appears, then Chris keeps the shoes.
Which player’s method is the most fair?

Exploratory Challenge 2 (20 minutes) 
In this exercise, groups will experiment using dice, coins, lots, spinners, and random numbers to make the decision in Example 1.  Before groups begin working on the exercise, discuss as a whole class how to use spinners and random number generators to make the decision.
How could a spinner with three equal sections numbered , , and  be used to decide if Andre, Bobby, or Chris keeps the new shoes?
· Each player could be assigned a number:  Andre {}, Bobby {}, and Chris {}.
How could a random number generator be used to determine who keeps the shoes?
· Again, assign each player a number (Andre {}, Bobby {}, and Chris {}), and then generate the random number using a calculator, computer software, or even a smartphone app.  Depending on the range of numbers that are generated, the players could even be assigned multiple numbers as long as the probability that each is chosen is equally likely.  For example, if a random number is generated from [], then the following assignments could be used for each player:  Andre {}, Bobby {}, Chris {}, and {} is ignored.
Depending on the size of the class and the number of groups, the teacher can either assign each group a different method to explore or have each group explore all methods.  Each member of the group should assume the role of Andre, Bobby, or Chris.  Each group should simulate the decision , , or  times (depending on teacher preference and time constraints).  After all of the groups have finished the simulations, come back together for a whole class discussion and comparison of the outcomes.  Although answers may vary, it is expected that each method produces a probability of getting the shoes of around  for each player.

Exploratory Challenge 2
Work with your group to explore each of the decision-making methods.  Your teacher will assign one or more methods to each group and specify the number of times each decision should be simulated.  Record the outcomes in the table.
	  Method

	Probability Andre
keeps shoes
	Probability Bobby
keeps shoes
	Probability Chris
keeps shoes

	Drawing a name out of a hat
(Selecting at Random)
	

	
	

	Fair Coin
	

	
	

	Fair Six-Sided Die
	

	
	

	Random Number Generator
(Technology Based)
	
	
	

	Spinner

	

	
	



Which method do you think should be used to make a fair decision in this case?  Explain.
Answers will vary.  

Closing (5 minutes)
· Did Bobby have to write each player’s name on 10 different slips of paper?  Could something other than paper be used in the hat (or bag)?  Explain.
· No.  He could just use three pieces of paper and write each player’s name.  Or, he could use three different colored marbles, balls, etc.
If a decision had to be made involving a large number of people, which method might be the best to use?  Explain.  (For example, one person in a company of  employees will be chosen to win a vacation.)
· Random number generator would be the easiest.  Each person could be assigned a number between  and  and a random number could be generated to choose a winner.  A fair coin, spinner, or fair die could not easily be used to represent  people and make a decision.  Drawing lots would take too much time (writing down  names and drawing, or finding  different colors to put into a bag).  
Ask students to summarize the main ideas of the lesson in writing or with a neighbor.  Use this as an opportunity to informally assess comprehension of the lesson.  The Lesson Summary below offers some important ideas that should be included.Lesson Summary
· A decision can be considered fair if it does not favor one outcome over another. 
· Fair decisions can be made by using several methods like selecting names from a hat or using a random number generator.


Exit Ticket (5minutes) 


Name                 							         		Date              		         
Lesson 16:  Making Fair Decisions

Exit Ticket

Both Carmen and her brother Michael want to borrow their father’s car on a Friday night.  To determine who gets to use the car, Carmen wants her father to roll a pair of fair dice.  If the sum of the two dice is , , , or , Carmen gets to use the car.  If the sum of the two dice is  or , then Michael can use the car.  If the sum is any other number, then the dice will be rolled again.  Michael thinks that this is not a fair way to decide.  Is he correct?  Explain.








Due to a technology glitch, an airline has overbooked the number of passengers in economy class on a flight from New York City to Los Angeles.  Currently, there are  passengers that have economy class tickets, but there are only  seats on the plane.  There are two seats available in first class and one seat available in business class.  
Explain how the ticket agent could use a random number generator to make a fair decision in moving some passengers to either the first or business class sections of the plane and to rebook the extra passengers to a later flight.









Is there any other way for the ticket agent to make a fair decision?  Explain.



Exit Ticket Sample Solutions

Both Carmen and her brother Michael want to borrow their father’s car on a Friday night.  To determine who gets to use the car, Carmen wants her father to roll a pair of fair dice.  If the sum of the two dice is , , , or , Carmen gets to use the car.  If the sum of the two dice is  or , then Michael can use the car.  If the sum is any other number, then the dice will be rolled again.  Michael thinks that this is not a fair way to decide.  Is he correct?  Explain.
No.  Michael is wrong.  The probability of rolling a sum of a , , , or  is .  The probability of rolling a sum of a  or  is .  Because both Carmen and Michael are equally likely to get the car, this would yield a fair decision.   

Due to a technology glitch, an airline has overbooked the number of passengers in economy class on a flight from New York City to Los Angeles.  Currently, there are  passengers that have economy class tickets, but there are only  seats on the plane.  There are two seats available in first class and one seat available in business class.  
a. Explain how the ticket agent could use a random number generator to make a fair decision in moving some passengers to either the first or business class sections of the plane and to rebook the extra passengers to a later flight.
The ticket agent can assign each of the  passengers a number,  through .  Since there are nine extra passengers, the ticket agent can generate nine random numbers between  and .  The first two numbers will be moved to first class, the third number will be moved to business class, and the remaining six numbers will need to be moved to another flight.  (If any random numbers repeat, then generate additional numbers as needed.)

b. Is there any other way for the ticket agent to make a fair decision?  Explain.
The ticket agent could draw numbered balls from a bag.  For example, use balls numbered  through  and choose one ball at a time.  

Problem Set Sample Solutions

1. You and your sister each want to sit in the front seat of your mom’s car.  For each of the following, decide if the decision would be fair or unfair and explain your answer.
a. You flip a two-sided coin.
Answers may vary.  Some students may say fair as it may be a two-sided coin with a 50/50 probability.  Others may say unfair as the person flipping the coin could use a coin with two heads, which would favor one person over the other.

b. Both you and your sister try to pick a number closest to one randomly generated on a smartphone.
Fair.  Neither person is favored over the other.

c. You let your mom decide.
Unfair.  For example, you may not have cleaned your room that day and your mom may favor your sister instead.

Janice, Walter, and Brooke are siblings.  Their parents need them to divide the chores around the house.  The one task no one wants to volunteer for is cleaning the bathroom.  Janice sees a deck of  playing cards sitting on the table and convinces her brother and sister to use the cards to decide who will clean the bathroom.
· Janice thinks they should draw one card.  If a heart is drawn, Janice cleans the bathroom.  If a spade is drawn, then Walter cleans.  If a diamond is drawn, then Brooke cleans.  All of the club cards will be removed from the deck before they begin drawing a card.
· Walter wants to draw two cards at a time.  If both cards are red, then Janice cleans.  If both cards are black, then Walter cleans.  If one card is red and one card is black, then Brooke cleans the bathroom.
· Brooke thinks they should draw cards until they get a heart.  If the first card drawn is a heart, then Janice cleans the bathroom.  If the second card drawn is a heart, then Walter cleans the bathroom.  If it takes three or more times to draw a heart, then Brooke cleans the bathroom.
Whose method is fair?  Explain using probabilities.
Janice’s method is fair.  They each have an equal probability of being chosen to clean the bathroom:   or .
Walter’s method is not fair.  The probability of drawing two red cards is .  The probability of drawing two black cards is the same, .  The probability of drawing a red card and a black card is .  So, Brooke is more likely to clean this bathroom using this method.
Brooke’s method is not fair.  The probability of the first card drawn being a heart is .  The probability of the second card drawn being a heart is .  The probability that it takes three or more cards to draw a heart is .  So, Brooke is more likely to clean this bathroom using this method.

A large software company is moving into new headquarters.  Although the workspace is larger, there is not enough space for each of the  employees to have his own office.  It turns out that two of the employees will need to share an office.  Explain how to use a random number generator to make a fair decision as to which employees will share an office.    
Answers will vary.  Assign each of the employees a number,  to .  Then generate two random numbers between  and .  The employees corresponding to these numbers will share an office.

Leslie and three of her friends each want to eat dinner at different restaurants.  Describe a fair way to decide to which restaurant the four friends should go to eat dinner.
Answers will vary.  Each of the four friends can write the name of the restaurant they prefer on a slip of paper (all slips the same) and draw out of a hat.
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