NYS COMMON CORE MATHEMATICS CURRICULUM Lesson 22 m 0

PRECALCULUS AND ADVANCED TOPICS

Lesson 22: Linear Transformations of Lines

Student Outcomes

= Students write parametric equations for a line through two points in R? and R® and for a line segment
between two points in R? and R3.

= Students write parametric equations for the image of a line under a given linear transformation in R? and R3
and for the image of a line segment between two points under a given linear transformation in R? and R3.

Lesson Notes

In this lesson, students continue their work with parametric equations to see the relationship between their work with
functions and vectors (N-VM.C.11). This lesson continues the work of understanding the definition of a vector.

The main question of this lesson is whether the image of a line under a linear transformation is again a line. Before we
answer this, we need to extend the process of finding parametric equations for a line in R? and R® introduced in
Lesson 21. In the previous lesson, students found vector and parametric equations for a line given a point and a vector;
in this lesson, we extend the process to finding parametric equations for the line given two points on the line. We also
consider the question of how to parameterize a line segment. In Topic E, students will use linear transformations to
emulate 3-dimensional motion on a 2-dimensional screen, and learn that one of the fundamental qualities of linear
transformations is that they preserve lines.

Classwork
Opening Exercise (3 minutes)

The Opening Exercise reviews the process from Lesson 21 of finding parametric equations of lines in R? and R3 given a
point and a vector. This lesson will extend this process to find parametric equations of lines through two given points
and to find parametric equations of line segments.

Opening Exercise

a. Find parametric equations of the line through point P(1, 1) in the direction of vector [_32]

A vector form of the equation is [;] = [1] + [ 3

1 ] t, which gives parametric equations x(t) = 1 — 2t and

y(t) = 1+ 3t for any real number t.

4
b. Find parametric equations of the line through point P(2, 3, 1) in the direction of vector [ 1 ]

-1
X 2 4
A vector form of the equation is [y] = 13|+ | 1 |t, which gives parametric equations x(t) = 2 + 4t and
z 1 -1

y(t) = 3 + tand z(t) = 1 — t for any real number t.
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Discussion (5 minutes)

= Inthe Opening Exercise we found parametric equations for the line £ through P(1,1) with direction vector
[_32] How could we find parametric equations for this line if all we knew was that points P(1,1) and Q(—1,4)
were on line £?
o First we find the vector that points from P to Q, and then we apply the process from the last lesson.
=  What is this direction vector?
o The direction vector V is the difference between the vectors representing points Q and P:
v=[1-[l= =151
4 1 3
=  What are parametric equations for the line £?

o This is the same direction vector as we had in Problem 1 of the Opening Exercise, so parametric
equations are x(t) = 1 — 2t, y(t) = 1 + 3t for any real number t.

=  What would happen if we swapped P and Q7 Do we get parametric equations Scaffolding:

for a different line? .
= For struggling learners,

@ No. If we interchange P and Q, then we get a direction vector [_23], and display an image of the
point P(1,1) and the line
y =-3/2x +5/2. Place
a marker on P to indicate
when t = 0, and slide the
marker upward to the left
to illustrate the point on
the line corresponding to

the parametric equations are x(t) = 1 + 2t, y(t) = 1 — 3t for any real
number t. This describes the same line, but it is being traversed
backwards. Instead of moving from P to Q as t increases, this new line
locates points from Q to P as t increases.

Example 1 (8 minutes) increasing values of t.

= Ask advanced learners to
This example is analogous to the one in the previous discussion but in R? instead of R2. It find the parametric
then proceeds to describe how to use parametric equations to describe a line segment equations described in
PQ. Example 1 in pairs without

the guiding questions and
then present their work to
the class.

=  What if we had a line in R3? Suppose we want to find parametric equations of
the line through points P(1,2,3) and Q(—4, 1,0). How do we find these
equations?

—4 1 -5
o First, we need the vector that points from P to Q: V = [ 1 l - [2] = [—1]. Then we have the vector
0 3 -3

X -4 -5
form of the equation [y] =| 1 |+ |—1]|¢t, which gives three parametric equations
Z 0 -3

x(t) =1—5¢t,y(t) =2 —tandz(t) = 3 — 3t for real numbers t.
= |sthere a way to use parametric equations to describe just the line segment PQ instead of the entire line (P_Q)?

=  Give students time to figure this out on their own or with a partner and then discuss later with the class as
shown below.

=  Whatisthevalueof tinx(t) =1 —5t, y(t) = 2 — tand z(t) = 3 — 3t that produces point P?

x(0)] 711
o Ift =0, then|y(0)] = [2] = P.
z(0) 3
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=  Whatvalueoftinx(t) =1—5t, y(t) =2 —tand z(t) = 3 — 3t produces point Q?

x(Df 1-4
o Jft=1,then|y()|=|1|=0.
z(1) 0
= So, how can we use parametric equations to describe just segment PQ?
o Use the same parametric equations as for line (172), butrestrict 0 <t < 1.
= In general, describe the process for finding parametric equations of the line through P and Q.

o First, find the direction vector V by subtracting the vector associated with P from the vector associated
with Q. Then find the vector form of the equation of the line and the parametric form. Let t take on
any real number value.

= In general, describe the process for finding parametric equations of the segment PQ.

o First, find the direction vector V by subtracting the vector associated with P from the vector associated
with Q. Then find the vector form of the equation of the line and the parametric form. The segment
PQ corresponds to the part of the line with 0 < t < 1.

Discussion (12 minutes)

This discussion starts with an example that shows that the image of a particular line in R under a given linear
transformation is again a line in R3. Once this example has been established, the discussion proceeds to establish this
fact for any line in R? or R3 and any linear transformation L.

=  Now, we want to explore what happens when we transform a line using a linear transformation. What do you
expect the image of a line to be under a linear transformation? Why?

o |don’t know. Linear transformations include things like rotation, dilation, and reflection. All of these
operations will transform a line into another line. But, there might be a linear transformation that does
something else that might distort or bend a line.

= Suppose that the line passes through points P(1,0,1) and Q (3, —3,2) and we have a linear transformation

X 1 2 1
L([yD: 2 1 3“3/].ThenwhatarethetransformedpointsL(P)andL(Q)?
z z
1 1 2 11 2 3
o L(P)=L<[OD=[2 1 3”0]=[5]andL(Q)=L<[—3
1 1 1 2i11 3 2

1 1 2
1 2 111371 [-1]
=12 1 3|(-3|=|9
1 1 2iL21 L4
=  How can we describe a point on the line (172)?

3 11 [2]
o We can use the parametric equations for(@: First, a direction vector is [—3] - [0 = |-3]|. Then, a
2 1 L1
vector form of the equation of PQ is [y] = |0| + |—3|¢t. Finally, parametric equations for PQ are
z 1 1

x(t) =1+ 2t, y(t) = =3t and z(t) = 1 + t for all real numbers t.
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142t
=  Since we know that | —3t |[is a generic point on the line (}TQ, we can transform this point under L:
1+t
1+ 2t (1 2 1][1+ 2t
L( -3t >= 2 1 3|| -3t
1+t 11 1 2/L1+¢

[1(1 +2t) + 2(=3t) + 1(1 + ¢)
=[2(1+2t) +1(=3t) +3(1 + ¢)
[1(1 4 20) + 1(=3t) + 2(1 + ©)
2 — 3t
= |5+ 4t
[ 3+t

But, this is how we express a line in vector form. So, any point on the line PQ is transformed into a point on

x 2 -3
the line [y] = |5+ | 4 |t. We saw earlier that L(P) = [5] Is this a coincidence?
z 3 1

@ No, it’s probably not a coincidence, because the starting point is when t = 0 and when t = 0 in our
parametric equation, we get the initial point.

= Now, let’s generalize this result to any transformation L and any line £ through points P and Q in R3. Let £ be

aline in either R? or R3, and let L be a linear transformation on that space that can be represented by

D1
multiplication by matrix A. Let point P be represented by vector pzl and let point Q be represented by vector
D3
qd1—P1
[ . Then, we can find the direction vector Vby Vv = [QZ P2|. Any point [y] on line (P_Q) is given by
43 — D3 z
X D1 P1
[ ] = |P2 CIz pzl t for some real number t. Then the transformed point is given by
z D3 4z — D3

() -2(2)

D1 qd1— P
=A<p2 + QZ_pzlt>
1% 43 — D3
D1 qd1—P1
=A|DP2 +<A QZ_PZDt
D3 43 — D3
P1 a1 D1
=A|P2 +<A q:|—A pz)t
D3 qs 1%

=L(P) + (L(Q) — L(P)t

Since L(P) and (L(Q) — L(P)) are vectors that represent points in space, this is the vector form of a line that
passes through L(P) and has direction vector (L(Q) — L(P)). Therefore, the image of any line in R3 under a
linear transformation L is again a line.
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Exercises 1-3 (8 minutes)

Have students work in pairs or small groups on these exercises.

Exercises 1-3
X

y
z

Find parametric equations to describe the image of line ;’_Q) under the transformation L.

-1

1. Consider points P(2,1,4) and Q(3, —1, 2), and define a linear transformation by L <

1 2 -1
>=[0 1 2]
3 -1 1

x
s
z

3 2
Direction vector: |—1|— |1

2 4
X 2 1

Vector equation: |y| = |1|+ |—2|t for all real numbers t.
z 4 -2

Parametric Equations: x(t) =2 +t, y(t) = 1 — 2t, and z(t) = 4 — 2t for all real numbers t.

2. The process that we developed for images of lines in R® also applies to lines in R%. Consider points P(2,3) and

. . . X 1 27/ .. . . .
Q(—1,4). Define a linear transformation by L ([y]) = [3 _1] [y] Find parametric equations to describe the

image of line (}TQ under the transformation L.
L -1 21 _1-3
Direction vector: [ 4 ] - [3] = [ 1 ]
. X1 _[2 -3
Vector equation: [y] = [3] + [ 1 ] t for all real numbers t
Parametric Equations: x(t) = 2 — 3t and y(t) = 3 + t for all real numbers t.
3. Notonly is the image of a line under a linear transformation another line, but the image of a line segment under a

linear transformation is another line segment. Let P, Q, and L be as specified in Exercise 2. Find parametric
equations to describe the image of segment PQ under the transformation L.

Direction vector: [_41] — [g] — [_13]
Vector equation: [;] = [g] + [_13] tforo<t<1

Parametric Equations: x(t) =2 —3tandy(t) =3 +tfor0 <t < 1.
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Closing (4 minutes)

Lesson 22 m 0

PRECALCULUS AND ADVANCED TOPICS

Ask students to summarize the key points of the lesson in writing or to a partner. Some important summary elements

are listed below.

Lesson Summary

space by restricting the values of ¢ in the parametric equations for the line.

Xy —

X
yy — yﬂ’ and an equation in vector form that represents line € is

given by [

[;] = [;i] + [;2 : ;i] t, for all real numbers t.

Parametric equations that represent line £ are

x(8) = x1 + (3~ x1)t
y(t) =y, + (¥, — y1)t for all real numbers t.

Parametric equations that represent segment PQ are

x(t) = x1 + (22— x1)t
yt) =y, + @y, —ypt fort <t <1

X2 — X
given by |Y2 — Y1(, and an equation in vector form that represents line £ is
Z;— 74
X X1 X2 — X
[y] = |¥1| + |Y2 — V1| ¢, for all real numbers t.
z zZ, Zy— 74

Parametric equations that represent line £ are

x(t) = x1 + (x- x )t

Yy =y1+ (2 -yt
z(t) = z4 + (z, — z,)t for all real numbers t.

Parametric equations that represent segment PQ are

x() = xq + (- x9)t

Yy =y1+ (2 -yt
zZ(t) =2z, + (2 —2z)t for0 <t <1.

- The image of a line (}TQ in the plane under a linear transformation L is given by
X
[y] = L(P) + (L(Q) — L(P))t, for all real numbers t.

u The image of a line ‘P_Q' in space under a linear transformation L is given by

X

y
z

=L(P)+ (L(Q) - L(P))t, for all real numbers t.

We can find vector and parametric equations of a line in the plane or in space if we know two points
that the line passes through, and we can find parametric equations of a line segment in the plane or in

- Let £ be a line in the plane that contains points P(x;,y;) and Q(x,,y,). Then a direction vector is

- Let £ be a line in space that contains points P(xy,y1,2;) and Q(x5,y,, Z,). Then a direction vector is

Exit Ticket (5 minutes)
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Name Date

Lesson 22: Linear Transformations of Lines

Exit Ticket

1. Consider points P(2,1) and Q(2,5). Find parametric equations that describe points on the line segment PQ.

2. Suppose that points P(2,1) and Q(2,5) are transformed under the linear transformation L ([XD = [1 _3] [x]
’ ’ y 0 11y

Find parametric equations that describe the image of line ‘P_Q) under this transformation.
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Exit Ticket Sample Solutions

1. Consider points P(2,1) and Q(2,5). Find parametric equations that describe points on the line segment PQ.

R oL . - _[2 2]1_ [0 57 [X] _ [2 0
A direction vector V is given by Vv = [5] - [ 1] = [ 4], so a vector form of the segment PQ is [y] = [ 1] + [ 4] t
for 0 < t < 1. This gives the parametric equations x(t) = 2and y(t) =1+ 4tfor0 <t < 1.

. . . x 1 -3)*
2.  Suppose that points P(2,1) and Q(2, 5) are transformed under the linear transformation L ([y]) = [0 ] [y]
Find parametric equations that describe the image of line w under this transformation.

The images of P and Q are
et -
L@ = [0 1 ] [5] = [_5 ]

The direction vector V is then V = [_51 3] - [_11] = [_:2], so the vector form of the image of PQ is

[;] = [_11] + [_:2] t for all real numbers t.

Parametric equations that represent the limit of line W are x(t) = —1 — 12t and y(t) = 1 + 4t for all real
numbers t.

Problem Set Sample Solutions

1. Find parametric equations of the line (}TQ through points P and Q in the plane.
a. P(1,3),Q(2,-5)

Direction vector: V = [_25] - [;] = [—18]

= [1] + [ 1 ] t for all real numbers t.

X
Vector equation: [ 3 _g

y)

Parametric Equations: x(t) = 1 + t and y(t) = 3 — 8t for all real numbers t.

b. P(3,1),0(0,2)

Direction vector: V = [(2)] — [:ﬂ - [_13]

= [3] + [_3] t for all real numbers t.

X
Vector equation: [
q 17l

y)

Parametric Equations: x(t) = 3 — 3t and y(t) = 1 + t for all real numbers t.

c. P(-2,2),Q(-3,—4)

Direction vector: V = [:z] = [_22] = [:2]
-2

2 ] + [:é] t for all real numbers t.

Vector equation: [;] = [

Parametric Equations: x(t) = —2 — t and y(t) = 2 — 6t for all real numbers t.
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2.  Find parametric equations of the line (}TQ through points P and Q in space.

a. P(1,0,2),Q(431)

4
Direction vector: V = IB] -
1

1 3
2 -1
X 1 3
Vector equation: [y] =|0|+ | 3 |t forall real numbers t.
z 2 -1

Parametric Equations: x(t) = 1 + 3t, y(t) = 3t, and z(t) = 2 — t for all real numbers t.

-7

b. P(3,1,2),Q(2,8,3)

2
Direction vector: v = [8] —

3
X 3 -1
Vector equation: [y] = |1|+ | 7 |t forall real numbers t.
z 2 1

Parametric Equations: x(t) = 3 — t, y(t) = 1 + 7t, and z(t) = 2 + t for all real numbers t.

c. P(1,4,0),Q(-2,1,-1)

-2 1 -3
Direction vector: U = [ 1 ] — 14] = [_3]
-1 0 -1

X 1 -3
Vector equation: [y] = |4| + |—3| t for all real numbers t.
z 0 -1

Parametric Equations: x(t) = 1 — 3t, y(t) = 4 — 3t, and z(t) = —t for all real numbers t.

3.  Find parametric equations of segment PQ through points P and Q in the plane.

a. P(2,0),Q(2,10)

Direction vector: v = [120] - [(2)] = [100]

Vector equation: [;] = [g] + [ 100] tfor0<t<1

Parametric Equations: x(t) = 2 and y(t) = 10t for0 <t <1

b. P(1,6),Q(-3,5)
Direction vector: v = [_53] - [2] = [:ﬂ

Vector equation: [;] = [2] + [:ﬂ tfor0<t<1

Parametric Equations: x(t) =1 —4tandy(t) =6 —tfor0 <t <1
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c. P(-2,4),Q(6,9)

Direction vector: v = [g] - [_42] = [5]

Vector equation: [;] = [_42] + [?] tfor0<t<1

Parametric Equations: x(t) = —2 +8tand y(t) =4+ 5tfor0 <t <1

4.  Find parametric equations of segment PQ through points P and Q in space.

a. P(1,1,1),Q(0,0,0)
0 1 -1
Direction vector: v = [0] - 1] = l_l]
1 -1

0
X 1 -1
Vector equation: [y] =1+ |-1|tfor0<t<1
z 1 -1

Parametric Equations: x(t) =1 —t,y(t) =1—tandz(t) =1—tfor0 <t <1

b. P(2,1,-3),Q(1,1,4)

1 2 -1
Direction vector: U = [1] — l 1 ] = [ 0 ]

4 -3 7
X 2 -1
Vector equation: [y] =1 ([+]|0|tfor0<t<1
z -3 7

Parametric Equations: x(t) =1+ 3t,y(t) =3tand z(t) =2 —tfor0 <t <1

-l

c. P(3,2,1),Q(1,2,3)

1
Direction vector: v = [2] —

3
X 3 -2
Vector equation: [y] =|2|+| 0 |tfor0<t<1
z 1 2

Parametric Equations: x(t) =3 — 2t,y(t) = 2,and z(t) =1+ 2tfor0 <t < 1

5. Jeanine claims that the parametric equations x(t) = 3 — t and y(t) = 4 — 3t describe the line through points
P(2,1) and Q(3,4). Is she correct? Explain how you know.

Yes, she is correct. Ift = 1, then x(t) = 2 and y(t) = 1, so the line passes through point P. Ift = 0, then x(t) = 3
and y(t) = 4, so the line passes through point Q.

6. Kelvin claims that the parametric equations x(t) = 3 + t and y(t) = 4 + 3t describe the line through points P(2,1)
and Q(3,4). Is he correct? Explain how you know.

Yes, he is correct. Ift = —1, then x(t) = 2 and y(t) = 1, so the line passes through point P. Ift = 0, then x(t) = 3
and y(t) = 4, so the line passes through point Q.
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7. LeRoy claims that the parametric equations x(t) = 1 + 3t and y(t) = —2 + 9t describe the line through points
P(2,1) and Q(3,4). Is he correct? Explain how you know.

Yes, he is correct. If = %, then x(t) = 2 and y(t) = 1, so the line passes through point P. If t = %, then x(t) = 3
and y(t) = 4, so the line passes through point Q.

8.  Miranda claims that the parametric equations x(t) = —2 + 2t and y(t) = 3 — t describe the line through points
P(2,1) and Q(3,4). Is she correct? Explain how you know.
No, she is not correct. Ift = 2, then x(t) = 2 and y(t) = 1, so the line passes through point P. However, when we
solve -2 + 2t =3 wefindt = %and when we solve 3 — t = 4, we find that t = —1. Thus, there is no value of t so
that (x(t), y(t)) = (3,4) so this line does not pass through point Q.

— X X
9. Find parametric equations of the image of the line PQ under the transformation L ([y ) =A [y] for the given points
P, Q, and matrix A.

1 3
1 2

1) =[; Sl =Raledz@=[1 Sl 5]= [l v= [~ [ =[]

Vector equation: [;] = [13 + [__172] t for all real numbers t.

a.  P(24),Q(5-1,4=|

Parametric equations: x(t) = 14 — 12t and y(t) = 10 — 7t for all real numbers t.

b. P(1,—2).Q(0,0).A=[1 2]

-2 1
wp =[5, J[5]=Clenar@=[7, [o)=[o]s v=[3]-[o]= [54]
Vector equation: [;] = [_12] + [:Z] t for all real numbers t.

Parametric equations: x(t) = 1 — 3t and y(t) = —2 — 4t for all real numbers t.

¢ P@23)0110,4=[} 4

R I R T LT e AR PR e R e

X
Vector equation: [y

Parametric equations: x(t) = 14 and y(t) = 3 + 7t for all real numbers t.

] = [134] + [2] t for all real numbers t.
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X X
10. Find parametric equations of the image of the line ﬁ under the transformation L < y ) =A [y] for the given
z z

points P, Q, and matrix A.

210
a. P(1,-21),Q(-1,1,3),A=(0 1 1
1 2 3
2 1 011 0 2 1 0][-1 -1 -1 0 -1
LP)=[0 1 1||-2|=|-1|andL(@) =0 1 1||1|=|4|sov=|4]|—-|-1|=]|5
1 2 3111 0 1 2 3113 10 0 0 10
X 0 -1
Vector equation: |y| = [—1|+ | 5 |t for all real numbers t.
z 0 10

Parametric equations: x(t) = —t and y(t) = —1 + 5t and z(t) = 10t for all real numbers t.

111
b. P(2,1,4),Q0(1,-1,-3),A=|1 1 2]
1 0 1
1 1 1][2 7 1 1 1]71 -3 -3 7 —-10
L(P)=|1 1 2] [1] =|11|and L(Q) = [1 1 2] I—l] = I—G] sov = I—6] - [11] = [—17]
1 0 1114 6 1 0 1/1-3 -2 -2 6 -8
X 7 -10
Vector equation: |y| = (11| + |—17|t for all real numbers t.
z 6 -8

Parametric equations: x(t) =7 — 10t and y(t) = 11 — 17t and z(t) = 6 — 8t for all real numbers t.

13 0
c. P(0,0,1),Q(4,2,3),A=|1 1 1
0 2 1
1 3 0][0 0 1 3 0174 10 10 0 9
LP)=(1 1 1||0|=|1|andL(@Q)=|1 1 1||2|=]|9|sov=|9|—]|1|=|8
0 2 1ll1 1 0 2 1113 7 7 1 6
X 0 9
Vector equation: |y| = |1|+ |8|t for all real numbers t.
z 1 6

Parametric equations: x(t) = 9 y(t) = 1 + 8t and z(t) = 1 + 6t for all real numbers t.

X

11. Find parametric equations of the image of the segment PQ under the transformation L ([y

D =A [;] for the given
points P, Q, and matrix A.

1 3
1 2

1 2l =Blem@= [} FI51= 5l =[Gl =[]

Vector equation: [;] = [Z] + [:3] tfor0<t<1

a. P(2,1),Q(-1,-1),A= [

L(P) = [

Parametric equations: x(t) =5—9tandy(t) =4 —7tfor0 <t <1
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b P0,0),042),4=", 7
wp =[5, ol =lolandr@ =% J1[] =[5l v=[ 5] -[5] =[]
Vector equation: [;] = [g] + [—86] tfor0<t<1

Parametric equations: x(t) = 8tand y(t) = —6tfor0 <t <1

1 4
0 1

1e)=[y 5151 = [lendr@=[p 31(5]= [l v=[Z-[11 = [55]

Vector equation: [;] = [Z] + [__134] tforo<t<1

¢ P(3,1),Q1-2),4=|

Parametric equations: x(t) =7 —14tand y(t) =1 —-3tfor0 <t <1

X

y

X
) =A [y] for the given
z

12. Find parametric equations of the image of the segment PQ under the transformation L <
z

points P, Q and matrix A.

2 10
a. P(0,1,1),0(-1,1,2),A={0 1 1
1 2 3
2 1 0][0 1 2 1 0][-1 -1 -1 1 -2
wp =|o 1 1][1H2 andm):[o 1 1]11][3][3][2][1]
1 2 311 5 1 2 3112 7 7 5 2
X 1 -2
Vector equation: |y|=|2|+| 1 |tfor0 <t<1
z 5 2

Parametric equations: x(t) =1—2t,y(t) =2+t andz(t) =5+ 2tfor0 <t <1

111
b. P(2,1,1),Q(1,1,2),A=|1 1 2
10 1
1 1 1][2 4 11 1)1 4 4 4 0
LP)=[1 1 2||1|=|5|andL(Q)=|1 1 2|(1|=|6|soVv=|6|—|5|=|1
1 0 1111 3 1 0 1112 3 3 3 0
X 4 0
Vector equation: |y| = |5+ (1|tfor0 <t <1
z 3 0

Parametric equations: x(t) =4, y(t) =5+t andz(t) =3 for0<t<1

13 0
c. P(0,0,1),Q(1,0,0),A=(1 1 1]
0 2 1
1 3 0][0 0 1 3 0][1 1 1 0 1
wp =i 1 1”(, =[1 mm):[l 1 IHO]=[1]SOV=[1]_[I]=[O]
0 2 1ll1 1 0 2 1110 (1} 0 1 -1
X 0 1
Vector equation: |y| = (1|+] 0 [tfor0<t<1
z 1 -1

Parametric equations: x(t) =t, y(t) =1,andz(t) =1—-tfor0 <t <1
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