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Lesson 10:  Putting the Law of Cosines and the Law of Sines to Use

Student Outcomes
Students apply the law of sines or the law of cosines to determine missing measurements in real-world situations that can be modeled using non-right triangles, including situations that involve navigation, surveying, and resultant forces.

Lesson Notes
The Opening Exercise asks students to categorize which triangles can be solved by using the law of sines versus using the law of cosines.  Then the bulk of the lesson presents different real-world scenarios using the law of sines or the law of cosines to compute missing measurements in situations involving non-right triangles.  Depending on the size of your class, groups should be assigned one or two problems to present to the class.  Groups that finish early can work on additional problems in the set.
As groups work through their assigned problems, they engage in the modeling cycle by making sense of the problem and then formulating a model to compute the required missing measurements (MP.1 and MP.4).  They interpret and validate their responses, and then report their results to the class.

Classwork
Opening (2 minutes)
Use these questions as a quick introduction to this lesson.  Have students discuss their answers with a partner before having a few students share their responses.
· What is the law of sines?  The law of cosines?
· Given a triangle with sides , , and  and angles opposite those sides measuring , , and , respectively, the law of sines is 
, and the law of cosines is 
.
· How many measurements are needed to determine the rest of the measurements in a non-right triangle?  Explain your reasoning.
· You need at least three measurements, and then you can write an equation to solve for the fourth unknown measurement.
· Look at triangle A below, how would you know whether to use the law of sines or the law of cosines to find its missing measurements?
· You are not provided with a side opposite the given angle, so you would need to use the law of cosines.
Opening Exercise (5 minutes)
There are six problems presented below.  Have students work with a partner to decide which formula, the law of sines or the law of cosines, would be required to find the missing measurements.  One of the triangles is a right triangle, so as students work, be sure to point out that it is not necessary to use the law of sines or the law of cosines to find missing measures in these types of triangles. 

Opening Exercise
a. For each triangle shown below, decide whether you should use the law of sines, the law of cosines, or neither to begin finding the missing measurements.  Explain how you know.
	Triangle A
[image: ]
	Triangle B
[image: ]
	Triangle C
[image: ]

	Triangle D
[image: ]
	Triangle E
[image: ]
	Triangle F
[image: ]


Triangle A is solved using the law of cosines because we are given two sides and the included angle.
Triangle B is solved using the law of sines because we are given two angles and one side opposite one of the angles.
Triangle C is solved using the law of sines because we are given two sides and one angle with the angle being opposite one side.
Triangle D is used using the law of cosines because three sides are given.
Triangle E is solved using the law of sines because two angles are given.  We can easily find the third using the triangle sum theorem and then we will have an angle and opposite side pairing.
Triangle F does not require the law of sines or the law of cosines because it is a right triangle.  We can find the missing sides or angles using the Pythagorean theorem and right triangle trigonometry functions.




b. What types of given information will help you to decide which formula to use to determine missing measurements?  Summarize your ideas in the table shown below:
Determining Missing Measurements
	Given Measurements
	Formulas to Use

	Right Triangle
Two side measurements.
One angle and one side measurement.
	Trigonometry Functions



Where  is the leg opposite ,  is the leg adjacent to , and  is the hypotenuse.

Pythagorean Theorem

Where  and  are legs of a right triangle and  is the hypotenuse.


	Non-Right Triangle
Any two angles and one side.
Two sides and the angle opposite one of them.
	Law of Sines

Where  is opposite angle ,  is opposite angle , and  is opposite angle .


	Non-Right Triangle
Three sides because this formula relates all three sides of a triangle.
Two sides and the angle between them because the law of sines requires an angle and the opposite side.

	Law of Cosines

Where  is the measure of the angle opposite side .



Exercises 1–7 (17 minutes)
Students should work in groups of 2–4 to apply the law of sines or the law of cosines to solve these problems.  Students engage in the modeling cycle (MP.4) as they formulate the problem by drawing and labeling a diagram to determine the requested measurement(s).  They decide on an appropriate formula and compute the missing measurements.  Once they have computed measurements, they must interpret and validate their results in terms of the given situation.  Their solutions should include a diagram that illustrates the problem description and worked solutions to find the measurements required to solve the problem.  Consider posting the numerical solution to each problem on the board so groups can check and validate their answers as they work.  If time is running short, consider assigning some of these problems as homework exercises.  Be sure to allow enough time to consider the two navigation problems at the end of this set of problems.  You can invite different groups to present their solutions as this portion of the lesson comes to a close.MP.4




Exercises 1–7Scaffolding:
For ELLs, provide additional support on the word problems in Exercises 1–7 by providing diagrams that illustrate the verbal descriptions in the problems.
Ask students, “Where is the triangle in this situation?” and “What measurements in the triangle do we know?”
Discuss viewpoint, and have students visualize flying above the problem description or viewing it from a distance (as if watching a video).
On some technology applications, such as Geogebra, you can import a photo of a situation similar those described in the Exercises 1–7 and superimpose a triangle on the photo.

1. A landscape architect is given a survey of a parcel of land that is shaped like a parallelogram.  On the scale drawing the sides of the parcel of land are  and , and the angle between these sides measures .  The architect is planning to build a fence along the longest diagonal.  If the scale on the survey is , how long will the fence be?
[image: ]
Let  be the measure of the longest diagonal.  Then

On the survey, this diagonal is approximately   The actual length of the fence will be 

A regular pentagon is inscribed in a circle with a radius of .  What is the perimeter of the pentagon?
[image: ]
Let  be the measure of one side of the regular pentagon.
Then,

Thus, the perimeter is .


3. At the base of a pyramid, a surveyor determines that the angle of elevation to the top is .  At a point  from the base, the angle of elevation to the top is .  What is the distance from the base of the pyramid up the slanted face to the top? MP.4

[image: ]
Let  be the distance from the base to the top of the pyramid.  Then,

The distance is approximately .

1. A surveyor needs to determine the distance across a lake between an existing ferry dock at point  and a second dock across the lake at point .  He locates a point  along the shore from the dock at point  that is  away.  He measures the angle at  between the sight lines to points  and  to be  and the angle at  between the sight lines to points  and  to be .  How far is it from the dock at  and the dock at ?
[image: ]
The angle at  is .
Let  be the distance from the dock at  and the dock at .  Then,

The distance between the two docks across the lake is approximately . 




5. Two people located  apart have spotted a hot air balloon.  The angle of elevation from one person to the balloon is .  From the second person to the balloon the angle of elevation is .  How high is the balloon when it is spotted?MP.4

[image: ]
Let  be the distance between the first person and the balloon.  Let  be the height of the balloon in the air.
By the law of sines,

Then,

The balloon is approximately  in the air when it is spotted.

Take time to discuss the concept of a bearing as it applies to navigation.  Often, when measuring distance on water, we use nautical miles rather than statute miles which we use to measure distance on land.  These problems have been greatly simplified to provide an introduction to students on how the law of sines and law of cosines can be applied to navigation problems.  Wind, currents, and elevation are not being taken into account in these situations.  Students may wish to research this topic further on the Internet as well.  If needed, lead a whole-class discussion modeling how to draw the diagram for Exercise 7.  Determining the angle measurements in Exercise 8 will be challenging, as students may need to draw several auxiliary lines to help them.  One suggestion is to draw a ray representing north at each point where you are given a bearing and sketch in the angle.  It may also help to draw in a line perpendicular to the north-facing ray indicating east and west directions so angle measurements can be quickly calculated as needed. 

When applying mathematics to navigation, direction is often given as a bearing.  The bearing of an object is the degrees rotated clockwise from north that indicates the direction of travel or motion.  The next exercises apply the law of cosines and the law of sines to navigation problems.


1. Two fishing boats start from a port.  One travels  per hour on a bearing of  and the other travels  per hour on a bearing of .  Assuming each maintains its course and speed, how far apart will the fishing boats be after two hours?
[image: ]
Let point  be the starting location of the two fishing boats at the port.  After two hours one ship will have traveled  from  to .  The other ship will have traveled  from  to .  The law of cosines can be used to find the distance between the ships, .

The ships will be approximately  apart after two hours.

An airplane travels on a bearing of  for  and then changes to a bearing of  and travels an additional .  How far is the airplane from its starting point?
[image: ]
The measure of .  It is the sum of a  angle that is congruent to the angle formed by side  and the south-facing direction line from point  and the difference between  and a full rotation of  about point .
By the law of cosines, side , which represents the distance from the starting point at  and the final point at  is given by

Thus, the airplane is approximately  from where it started.  Note:  This solution takes neither the elevation of the airplane nor the curvature of the Earth into account.

Discussion (2 minutes)
After students report their solutions to the class, lead a short discussion asking them to generate a list of tips for setting up and solving modeling problems that can be represented using non-right triangles.
What advice would you give to students who are solving similar types of problems?
· Make sense of the problem, and begin to formulate the solution by reading the problem and drawing a diagram that contains a triangle.  Represent unknown measurements with variable symbols.
· Decide how to compute the answer using either the law of sines or the law of cosines.  Remember that you must know at least three measurements in the triangle to use one of these formulas. 
· Re-read the problem to help you interpret and validate your solution and to be sure you have determined the required information to solve the problem.
· Report your solution by providing the requested measurements and information.

Example (5 minutes):  Revisiting Vectors and Resultant Forces
As you start this example, you may wish to remind students that a vector is a quantity that has a magnitude and direction.  In physics, the resultant of two forces (which can be represented with vectors) acting on an object is the sum of the individual forces (vectors).  Students will need to recall the parallelogram rule for adding to vectors and then determine the magnitude and direction using the law of cosines and the law of sines.  In the example, the force of the kick is given in Newtons, a metric unit of force based on the formula .  The units of a 
Newton are .  The force due to gravity will be the product of the mass of the ball measured in kilograms and the gravitational constant .  This model assumes that the only two forces acting on the ball are the force of the throw and the force due to gravity.  In the second example, the speeds given would result from the force of each player’s kick.  The model is simplified to include only the forces of each player’s kick acting on the ball, and we assume the kicks send the ball traveling along the ground and not up into the air.  You can discuss the set-up of this problem, and then let students work on it in their small groups or provide a more direct approach and work through the problem together as a whole class.

Example:  Revisiting Vectors and Resultant ForcesMP.4

The goalie on the soccer team kicks a ball with an initial force of  at a  angle with the ground.  The mass of a soccer ball is .  Assume the acceleration due to gravity is .
a. Draw a picture representing the force vectors acting on the ball and the resultant force vector.
In the diagram below, represents the force of the kick and  represents the force due to gravity.
[image: ]
b. What is magnitude of the resultant force vector?MP.4

The force due to gravity is the product of the mass of the ball and the acceleration due to gravity.

Translating the gravitational force vector to the terminal point of the ball’s force vector and using the law of cosines gives the magnitude of the resultant force.  The angle between the two vectors is .  This would make the angle in the triangle that we are using for Law of Cosines .  Let  represent the magnitude of the resultant force vector.

The magnitude of the resultant force is approximately .

c. What are the horizontal and vertical components of this vector?
The components of the initial force on the ball are  and the components of the gravitational force vector are .  Adding the vector components gives the resultant force in component form.


d. What is the angle of elevation of the resulting vector?
Using right-triangle trigonometry ratios, we can compute the angle of elevation.




Exercises 8–10 (7 minutes)
Have students work these final exercises in their groups.  Present one or two solutions after groups have had time to do the exercises together.

Exercises 8–10
1. Suppose a soccer player runs up to a moving soccer ball located at  and kicks the ball into the air.  The diagram below shows the initial velocity of the ball along the ground and the initial velocity and direction of the kick.  What is the resultant velocity and angle of elevation of the soccer ball immediately after it is kicked?
[image: ]
If we translate the vector with magnitude  to point , then the angle at  will be .  Then the sum of the two vectors is the vector with tail at the origin at .  Let  be the magnitude of this vector.  By the law of cosines

The direction can be found using the law of sines.  Let  be the angle between the  vector and .  
Then,

Thus, the direction of the ball would be .

A  force and a  force are applied to an object located at  as shown in the diagram below.  What is the resulting force and direction being applied to the object at ?
[image: ]
The resulting force is the sum of the two forces, which can be represented as vectors.  The parallelogram rule gives us the resulting force vector.  Using the law of cosines, we can determine the magnitude, and using the law of sines we can determine the direction.
Let  be the distance between point  and .  Then,


The measure of  can be found using the law of sines.  Let  be the measure of .  Then,

The resulting force of  would be in a direction of  clockwise from the horizontal axis.

A motorboat is travels across a lake at a speed of  at a bearing of .  The current of the lake due to the wind is a steady  at a bearing of . 
a. Draw a diagram that shows the two velocities that are affecting the boat’s motion across the lake.
[image: ]

b. What is the resulting speed and direction of the boat?
[image: ]The resulting speed and direction is the sum of these two velocity vectors.  Translating the current vector to the tip of the boat’s speed vector allows us to quickly draw the resulting vector.  Its magnitude and direction can be determined using the law of cosines and the law of sines.
Let  be the distance between points  and .  By the law of cosines,

Let  be the measure of .  Then, using the law of sines,

Then, bearing is  and the speed is .


Closing (2 minutes)
Have students answer the following questions either individually in writing or with a partner.
When do you use the law of sines to find missing measurements?
· When you are given two angles plus one side that is opposite a known angle, or, two sides and the non-included angle, so long as the measurements can actually make a triangle. 
When do you use the law of cosines to find missing measurements?
· When you are given three sides, or two sides plus the included angle.
How do the law of cosines and the law of sines apply when working with vectors?
· We can use the magnitude of the vectors and the direction angles to form triangles whose missing measurements can be calculated.  The sum and difference of two vectors is the third side of a triangle formed by the two vectors when positioned with the same terminal point or when positioned end-to-end. Lesson Summary
The law of sines and the law of cosines can be used to solve problems that can be represented with triangles with three known measurements.

The law of sines and the law of cosines can be used to find the magnitude and direction of the resultant sum of two vectors, which can represent velocities, distances, or forces.


Exit Ticket (5 minutes) 

Name                 							         		Date              		         
Lesson 10:  Putting the Law of Cosines and the Law of Sines to Use

Exit Ticket

A triangular pasture is enclosed by fencing measuring , , and  yards at the corner of a farmer’s property.
[image: ]
a. According to the fencing specifications, what is the measure of ?





b. A survey of the land indicates that the property lines form a right angle at .  Explain why a portion of the pasture is actually on the neighboring property.



c. Where does the -yard section of the fence cross the vertical property line?






Exit Ticket Sample Solutions

A triangular pasture is enclosed by fencing measuring , , and  at the corner of a farmer’s property.
[image: ]
a. According to the fencing specifications, what is the measure of ?


b. A survey of the land indicates that the property lines form a right angle at .  Explain why a portion of the pasture is actually on the neighboring property.
If the fencing went along the actual property lines, then the angle at  would be .  Since it is larger than , a portion of the pasture must lie in the adjacent property.

c. Where does the -yard section of the fence cross the vertical property line?
[image: ]
The measure of  is , and the measure of  is .  Let  be the measure of segment .

The -yard section of fence crosses the vertical property line approximately  from point .




Problem Set Sample Solutions

1. For each of the situations below, determine whether to use Pythagorean theorem, right-triangle trigonometry, law of sines, law of cosines, or some other method. 
a. 
[image: ]
Pythagorean theorem.

b. Know one side and an angle of a right triangle, and want to find any other side. 
Right-triangle trigonometry.

c. 
[image: ]
Law of sines.

d. Know two angles of a triangle and want to find the third. 
Find the sum of the measures of the two known angles and subtract the result from .

e. 
[image: ]
Law of cosines.
f. Know three sides of a triangle and want to find an angle.
Law of cosines.

g. 
[image: ]
Either law of cosines twice or a combination of law of cosines and law of sines.

h. Know a side and two angles and want to find the third angle.
Find the sum of the measures of the two known angles and subtract the result from .

i. 
[image: ]
Law of sines.


1. Mrs. Lane’s trigonometry class has been asked to judge the annual unmanned hot-air balloon contest, which has a prize for highest flying balloon. 
a. Sarah thinks that the class needs to set up two stations to sight each balloon as it passes between them.  Construct a formula that Mrs. Lane’s class can use to find the height of the balloon by plugging the two angles of elevation so that they can program their calculators to automatically output the height of the balloon.  Use . for the distance between the stations and  and  for the angles of elevation.




b. The students expect the balloons to travel no higher than   What distance between the stations would you recommend?  Explain.
Answers may vary.  Depending on how close the balloons pass to the stations, students may be sighting the balloon at near vertical angles.  More accurate measurements can probably be obtained the closer the balloons are to  from the stations, so a distance of greater than . is probably better suited. 

c. Find the heights of balloons sighted with the following angles of elevation to the nearest ten feet.  Assume a distance of  between stations.
i. 
.

ii. 
 

iii. 
 

iv. 
 

v. 
 

vi. 
 

vii. 
 

d. Based on your results in part (c), which balloon won the contest?
The student with the balloon that went .
e. The balloons were released several hundred feet away, but directly in the middle of the two stations.  If the first angle represents the West station and the second angle represents the East station, what can you say about the weather conditions during the contest? 
It appears as though a wind was blowing the balloons to the East.

f. Are there any improvements to Mrs. Lane’s class’s methods that you would suggest?  Explain.
Answers may vary.  Students could suggest higher degrees of accuracy by adjusting the distance between the students.  Multiple angles of elevation could be taken from different spots, or additional students could help measure to minimize human error. 

Bearings on ships are often given as a clockwise angle from the direction the ship is heading ( represents something in the path of the boat and  represents something behind the boat).  Two ships leave port at the same time.  The first ship travels at a constant speed of .  After  hours, the ship sights the second at a bearing of  and  away.
a. How far is the second ship from the port where it started?
 from port.

b. How fast is the second ship traveling on average?


A paintball is fired from a gun with a force of  at an angle of elevation of .  If the force due to gravity on the paintball is , then answer the following:
a. Is this angle of elevation enough to overcome the initial force due to gravity and still have an angle of elevation greater than ?
Yes.  The force due to gravity is so small that there is effectively no difference initially.  The third side has a magnitude of .  The angle of elevation is reduced by less than .

b. What is the resultant magnitude of the vector in the direction of the paintball?


Valerie lives  west of her school and her friend Yuri lives  directly northeast of her.  
a. Draw a diagram representing this situation.
[image: ]
b. How far does Yuri live from school?

About .

c. What is the bearing of the school to Yuri’s house?

Yuri’s house is  N of W from the school, so the school is on a bearing of  from N.  This can be worded different ways, for instance,  S of W,  S of E. 

A -kg rocket is launched at an angle of  with an initial force of .  Assume the acceleration due to gravity is .
a. Draw a picture representing the force vectors and their resultant vector. 
[image: ]

b. What is the magnitude of the resultant vector?
The force due to gravity is .

The resultant vector is about .

c. What are the horizontal and vertical components of the resultant vector?
The initial force of the rocket can be expressed by the vector .  The force due to gravity can be expressed by .  The resultant vector is .

d. What is the angle of elevation of the resultant vector?

The angle of elevation is about .
Use the distance formula to find , the distance between  and  for , with , , and .  After simplifying, what formula have you proven? 

Multiplying out on the inside of the square root, we get
.
Factoring out , we get
.
So we have
.
Since  could be any triangle translated to the origin and rotated so that one side lays on the -axis, we have proven the law of cosines. 

For isosceles triangles with , show the law of cosines can be written as .
We have

So

[image: ][image: http://mirrors.creativecommons.org/presskit/buttons/80x15/png/by-nc-sa.png][image: ]Lesson 10:	Putting the Law of Cosines and the Law of Sines to Use
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