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Lesson 13:  Modeling with Inverse Trigonometric Functions

Student Outcomes 
Students use inverse trigonometric functions to solve real-world problems addressing best viewing angles.

Lesson Notes 
Students apply inverse trigonometric functions to solve problems in modeling contexts.  The lesson focuses on using inverse trigonometric functions to determine the best horizontal viewing distance that an observer should stand from an object being viewed.  Students use technology to solve the problems and interpret their answers in context.  (F-TF.7)

Classwork 
Opening (5 minutes)
[image: C:\Users\Sara\Desktop\CCI stuff\Statue_of_Liberty.jpg]Display this image of the Statue of Liberty:
“The Statue of Liberty, taken from the Ellis Island ferry.” by Iolaire, 
is licensed under CC BY-SA 3.0
http://creativecommons.org/licenses/by-sa/3.0/deed.en
Explain to students that the Statue of Liberty is  tall and stands on a pedestal of , which goes from the ground to the statue’s feet.  Students should each create a sketch of the statue and pedestal with appropriate heights labeled.
Have students imagine that they have traveled to Liberty Island in New York to see the Statue of Liberty.  Once on the island, they stand in front of the statue, trying to get the best possible view.  Have students represent themselves on their sketch with an estimated best viewing distance.  Then, students should reflect on this prompt, sharing their ideas with a partner after a minute:  


Describe the ideal distance you should stand from the statue that would provide the best view.
Several students should be selected to share their ideas, which might include suggestions such as:
· I should not stand within  feet of the statue because then I would not be able to see the entire statue at once from this distance.
· I should not stand several hundred feet away because then I would not be able to see the details of the statue.
· The distance with the best view is the closest distance I can stand and see the whole statue without moving my head.
Briefly explain to the class that Johannes Müller, a fifteenth-century German scholar, was interested in the distance where objects are “best viewed.”  In his studies, he focused on maximizing the viewing angle, which is the angle created by the line of sight to the base of an object and the line of sight to the top of the object.  Explain that this definition will be applied to help us determine the best viewing distance for the Statue of Liberty and later, for other objects. 

Discussion (3 minutes):  Exploring Best Viewing Distance 
This discussion should help students to think critically about why the distance where the viewing angle is maximized represents the best viewing distance. 
Look at the three viewing distances illustrated in the diagrams.  In each diagram, the vertical line segments labeled  represent the height of the eyes of the viewer, and  is the viewing angle.  Which would represent the best viewing distance among these three?  Justify your selection. MP.3

[image: ]
· Answers will vary, but students will probably select the middle view and suggest that the first view would require them to look up at an uncomfortable angle to see the statue, while the third view is far enough away that it might be hard to see the features of the statue.
· Based on the diagrams, form a conjecture about the best viewing distance and the measure of , the viewing angle between the line of sight to the base of the statue and the line of sight with the top of the statue. 
· Conjectures will vary, but students should recognize that at the ideal viewing distance,  is maximized.
· How might we be able to determine the value of  in diagrams like these?  Share your ideas with a partner.
· Answers will vary but are likely to address applying right triangle trigonometry and perhaps applying inverse trigonometric functions to find the angle measure.
Example (7 minutes)
This example demonstrates how inverse trigonometric functions can be applied in real-world modeling contexts.  Students will apply the inverse tangent function to determine the optimal distance a viewer should stand in front of the Statue of Liberty so that the viewing angle, as defined in the Opening, will be maximized.  Students will apply a similar process to explore how to maximize viewing angles for objects in general.  This example should be completed as part of a teacher-led discussion.  It may be beneficial to display the sketch from part (a) and then have students add any missing components to their sketches from the Opening.  Graphing calculators or other graphing software will be needed to complete the problem.  
What components do we need to model in the diagram of the situation in order to determine the best viewing distance?
· Answers will vary but should include the viewing angle, the horizontal distance between the viewer and the statue that maximizes the viewing angle, the height of the pedestal, the height of the statue on the pedestal, and the height of the observer.
Why might it be helpful to include in our sketch a line segment parallel to the ground from our observer’s line of sight to the statue?
· Answers will vary but might address that this line segment will create right triangles in our diagram.
Why would creating right triangles help us in determining the maximum viewing angle ?
· Answers will vary but should address using trigonometric ratios and solving for .
How could we use trigonometric ratios to find the maximum value of  when the triangle that contains  is oblique?
· Answers will vary but should address making use of the fact that .
Why would the tangent function be most effective to use in trying to determine the values of  and ?
· Our known lengths represent opposite and adjacent side lengths in the right triangles we have sketched and the tangent function applied to an angle is defined as the ratio of the length of the side opposite the angle to the length of the side adjacent to the angle.
How can we represent  and  using the tangent function?
·   and .
How can we isolate  in this equation?  Explain.
· We can apply the inverse tangent function to both sides of the equation.  Applying the inverse tangent function will undo the tangent operation, resulting in .
What does this look like mathematically?
· , which simplifies to .
If we apply this procedure to find , what do we get?
· , which simplifies to .
Which means that  is equivalent to what?
· 


How do we use this equation to find the maximum value of ?
· Substitute the known values for , , and  into the equation.  Graph the equation 
, and identify its maximum.
What mode should we use to graph this function?
· Since we are modeling a viewing angle using triangles, degree mode is probably best to use.
Look at the graph to determine the coordinates of its maximum.
· MP.2

What do these values mean in context?
· The ideal viewing distance is  in front of the statue, which results in a viewing angle of approximately .
What aspects of our model, if any, were inaccurate?
· Answers may vary but might address that our observer’s known height is to the top of his or her head, not to eye level, but we used this value as the height to eye-level in the model.  This means the actual height we desire is probably at least a few inches shorter than .
How much do you think the true ideal viewing distance was affected by the fact that we used the observer’s height and not the distance to his or her eye level?  Justify your response.
· Not much.  Small differences in height did not change the ideal viewing distances much in part (c), which indicates that the discrepancy in our model would not have a large effect on our answer.
Based on our findings, what advice would you give a friend who was going to visit the Statue of Liberty soon and wanted to know where to stand to get the best view from outside the statue?
· Answers will vary.  An example of an appropriate response is shown:  You should stand approximately  feet in front of the statue to get the best view.

Example
The Statue of Liberty is  tall and sits on a pedestal that is  above the ground.  An observer who is  tall wants to stand at the ideal viewing distance in front of the statue.
a. Sketch the statue and observer.  Label all appropriate measurements on the sketch, and define them in context. MP.2

[image: ] height of the observer at eye level
 height of pedestal
 height of the pedestal and statue
 horizontal distance between viewer and base of the statue
 viewing angle
 angle formed between line of sight from viewer to the base of the statue and a line segment parallel to  from the viewer’s eye level to the statue
b. [image: ]How far back from the statue should the observer stand so that his or her viewing angle (from the feet of the statue to the tip of the torch) is largest?  What is the value of the largest viewing angle?MP.2






The ideal viewing distance is approximately  from the base of the statue, which produces a maximum viewing angle of approximately .

c. What would be your best viewing distance from the statue?
Answers will vary.  For example, for a viewer whose height is : , which has a maximum  value of  when  from the base of the statue.

d. If there are  of dry land in front of the statue, is the viewer still on dry land at the best viewing distance?
Since  is approximately , the observer would be on land at our best viewing angle with about  between him or her and the water.

Discussion (2 minutes)
So we have determined the ideal viewing distance for the Statue of Liberty.  How can we use our model to help us determine the best viewing distances for other objects?
· Answers will vary but might address using similar sketches and equations to determine the maximum viewing angle and corresponding ideal viewing distance.

Based on our results, what generalizations can be made about the ideal viewing distance for objects?
· Answers will vary but could address that it is difficult to make generalizations based on a single, specific example; students might try to form generalizations based on the given measurements, e.g., the viewing distance was greater than the height of the base but less than the height of the torch.
What are some limitations in how our model can be applied to determining ideal viewing distances for other objects?
· Answers will vary but might address that the Statue of Liberty is a specific height and that each object’s ideal viewing distance will vary based on its base and top heights.
Let’s see if we can apply what we learned in our example to a more general setting.

Exercise (7 minutes) 
Students should complete the exercise in pairs.  After a few minutes, responses to parts (a) and (b) should be discussed in a whole-class setting.  Then each pair should be assigned specific values for the height of the base of the picture ( inches above eye level in the sketch shown) and the height of the top of the picture ( inches above eye level in the sketch shown).  A list of possible values is provided in the table that follows.  Each pair should use graphing software to compute the ideal viewing distance and maximum viewing angle for the measures assigned to them.  These values can be combined in a class chart, which students will analyze to form conjectures about ideal viewing distances.  Students could take turns using graphing software if it is not accessible for each pair of students, e.g., a single website could be used and the parameters changed for each pair to determine the maximum viewing angle for specified values of  and .

ExerciseScaffolding:
· Have advanced students determine a general expression for  without further prompting.
· Cue students to compute  as they analyze the class data for patterns.

Hanging on a museum wall is a picture with base  inches above a viewer’s eye level and top  inches above the viewer’s eye level.  MP.3

1. Model the situation with a diagram.
[image: ]

f. Determine an expression that could be used to find the ideal viewing distance  that maximizes the viewing angle . 


[bookmark: _GoBack]

g. Find the ideal viewing distance, given the  and  values assigned to you.  Calculate the maximum viewing angle in degrees.
Answers will vary.  An example of an appropriate response is shown. 
For  and , 
[image: ]
The ideal viewing distance is approximately , with a maximized viewing angle of .

h. Complete the table using class data, which indicates the ideal values for  given different assigned values of  and .  Note any patterns you see in the data.
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It appears that  is the geometric mean of  and .


Discussion (13 minutes):  Generalizing Ideal Viewing Distance 
Students discuss conjectures about the ideal viewing distance based on their data from Exercise 1, arriving at the conclusion that the ideal viewing distance can be represented as  where  represents the height of the base of the object above the viewer’s eye level and  represents the height of the top of the object above the viewer’s eye level.  Students verify this finding using geometry.
What generalizations can you make about the ideal viewing distance, based on the data in the table?
· Answers will vary but might include:  the ideal viewing distance is between the values  and ; maximum viewing angles are greater for taller paintings than for shorter ones.
Do you notice any patterns in the data that might help you form a conjecture about how to calculate the ideal viewing distance?
· It appears to be the geometric mean of  and .
What would be a formula relating the ideal viewing distance , height from eye level to the base of an object , and height from eye level to the top of the object ?
· 
Is this true for our Statue of Liberty problem?
· Yes:  
Let’s explore this relationship between viewing distance and object height using geometry.  First, let’s draw a circle through the points , , and  where:
 is a point on a vertical line at the height of the base of the viewed object,
 is a point on the same vertical line at the height of the top of the viewed object,
 is a point on a horizontal line at the ideal viewing distance at the viewer’s eye level. 
[image: ]
How do we know that only one circle can be drawn through these three points?
· Answers will vary but should address that given any three coplanar points, one circle can be drawn using these points. 


Now we want to maximize , the measure of our viewing angle .  If we move  farther from the segment containing  and , how will that affect the circle drawn through , , and ?
· The radius of the circle will increase.
And how will that affect the central angle that intersects the circle at  and ?
· The measure of the central angle will decrease.
What does this imply about the effect of an increasing radius on ?  Explain.
· The value of  decreases with an increasing radius.  The angle  is an inscribed angle whose measure is half that of the central angle that intersects points  and .  If the measure of the central angle decreases with an increasing radius, the measure of inscribed angle  also decreases with an increasing radius.
What type of circle would be ideal if we want to maximize ?
· A circle that intersects points , , and  and has the smallest possible radius.
What would characterize this circle?
· It would be tangent to the line segment containing .
Our ideal circle would look like this:
[image: ]MP.7

What do you notice about the triangles formed in our diagram that might help us determine an expression for the ideal viewing distance ? 
· There are two right triangles, each of which has a leg length : Triangle  and Triangle .


Let’s see if we can establish a relationship between the right triangles.  We can start by labeling the angles opposite the shortest side of each triangle.  We can call the measure of this angle in the larger triangle  and the measure of this angle in the smaller right triangle .  How can we characterize angle  ?
[image: ]
· It is an inscribed angle that intersects points  and .
What does that imply about the central angle that intersects points  and ?
· It has a measure .
Let’s sketch this central angle.  Notice, the central angle forms a triangle with chord .  What do we know about the angles of this triangle besides the central angle?
· They are congruent.
Why is that?
· The triangle formed is isosceles because two of the legs are radii of the circle, which means that the base angles are congruent.
To make our discussion of the angle measures simpler, let’s all label these two angles .  Our sketch now contains the angles and segments shown:




How can we use this diagram to verify that the two right triangles are similar?
· Answers will vary but should address the fact that the triangle angle sum requires that , which means that .  The radius that intersects the circle at point  is perpendicular to the circle’s tangent line through , which means that this radius and the horizontal tangent line form a right angle, so .  Using substitution and subtraction, we can determine that , which means that Triangle Triangle  by the  Similarity theorem.
How can we use the fact that these triangles are similar to write an expression for  in terms of
 and ?
· Because the triangles are similar, their corresponding side lengths are proportionate.  This means that , so  and .
This supports our conjecture based on the data from Exercise 1. 

Closing (3 minutes)
Students should summarize in writing how to determine the optimal viewing distance for an object whose base is
 units above an observer’s eye level and whose top is  units above eye level.  This summary should include the role of the inverse tangent function in establishing the optimal viewing distance.  As time permits, students should share their responses with a partner.
The optimal viewing distance, defined as the horizontal distance between the observer and the viewed object, is , where  is the vertical distance from an observer’s eye level to the base of the object, and  is the horizontal distance from the observer’s eye level to the top of the object.
The optimal viewing distance was defined as that which maximized , the viewing angle formed by line of sight from the viewer to the base of the viewed object and the line of sight from the viewer to the top of the object.
The tangent function was used to represent the ratio of the heights  and  with , and the inverse tangent function was used to isolate the  by undoing the operation performed by the tangent function.

Exit Ticket (5 minutes) 


Name                 							         		Date              		         
Lesson 13:  Modeling with Inverse Trigonometric Functions

Exit Ticket

The pedestal that the Statue of Liberty sits on is  tall with a foundation fashioned in the shape of an eleven-point star making up the rest of the height.  The front point of the star juts out about  from the front of the statue and stands about  tall.
How far from the Statue of Liberty does someone whose eye-height is  need to stand in order to see the base of the statue without being obscured by the foundation?  Include a diagram and appropriate work to justify your answer.








Exit Ticket Sample Solutions

The pedestal that the Statue of Liberty sits on is  tall with a foundation fashioned in the shape of an eleven-point star making up the rest of the height.  The front point of the star juts out about  from the front of the statue and stands about  tall.
How far from the Statue of Liberty does someone whose eye-height is  need to stand in order to see the base of the statue without being obscured by the foundation?  Include a diagram and appropriate work to justify your answer.
[image: ]

Note that the larger triangle is similar to the smaller triangle, so the angles will be equal.  This tells us that

The person will have to stand about  away from the point of the star.


Problem Set Sample Solutions

1. Consider the situation of sitting down with eye level at .  Find the missing distances and heights for the following: 
a. The bottom of the picture is at  and the top is at .  What is the optimal viewing distance?

About  away

b. The bottom of the picture is at  and the top is at .  What is the optimal viewing distance?

About  away.

c. The bottom of the picture is at  and the top is at .  What is the optimal viewing distance?

 away.

d. What is the height of the picture if the optimal viewing distance is  and the bottom of the picture is hung at ?

 above eye level, so  tall.

2. Consider the situation where you are looking at a painting  inches above your line of sight and  inches below your line of sight.
a. Find the optimal viewing distance if it exists.
It is not humanly possible to maximize the optimal viewing distance.  The closer you get to the painting, the larger the angles will become.  Eventually, the picture will fully encompass the field of view of the person. 

b. If the average standing eye height of Americans is , at what height should paintings and other works of art be hung? 
The center of the artwork should be hung at eye level so that viewers can get the largest image of the picture they want by getting closer to the image without having to worry about finding the optimal viewing distance.


3. The amount of daylight per day is periodic with respect to the day of the year.  The function 
 gives the number of hours of daylight in New York, , as a function of the number of days since the winter solstice (December 22), which is represented by . 
a. On what days will the following hours of sunlight occur?
i. , .

 and 
 and 
On the th and th days.

ii. .
On the th and th days.

iii. , .
On the th and th days.

iv. .
On the nd and rd days.

v. .
This will never happen.  The function does not go that low. 

b. Give a function that will give the day of the year from the solstice as a function of the hours of daylight.


c. What is the domain of the function you gave in part (b)?
This function is only accurate for as long as the argument to the inverse cosine stays between  and , so , which tells us .

d. What does the domain tell you in the context of the problem?
The hours of sunlight for the year vary between about ,  and , .



e. What is the range of the function?  Does this make sense in the context of the problem?  Explain.
The range of the function is  to .  This only covers half of the year because if the entire year was covered, the inverse would not be a function.  We can find other dates with the same amount of daylight by subtracting the number of the day from .

4. Ocean tides are an example of periodic behavior.  At a particular harbor, data was collected over the course of  to create the following model:  , which gives the water level, , in feet above the MLLW (mean lower low water) as a function of the time, , in hours.
a. How many periods are there each day? 
Four.

b. Write a function that gives the time in hours as a function of the water level.  How many other times per day will have the same water levels as those given by the function?

There are potentially eight times per day that have the same water level (with the exception of peaks and troughs, which will only occur four times per day).
[image: ][image: http://mirrors.creativecommons.org/presskit/buttons/80x15/png/by-nc-sa.png][image: ]Lesson 13:	Modeling with Inverse Trigonometric Functions
Date:	2/6/15
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