Lesson 6
M4
NYS COMMON CORE MATHEMATICS CURRICULUM



  

PRECALCULUS AND ADVANCED TOPICS

	
	

	[image: ]


Lesson 6:  Waves, Sinusoids, and Identities 

Student Outcomes
Students model waveforms using sinusoidal functions and understand how standing waves relate to the sounds generated by musical instruments.  Students use trigonometric identities to rewrite expressions and understand wave interference and standing waves.  

Lesson Notes 
In this modeling lesson, students learn how sinusoidal functions and trigonometric identities apply to waves such as sound waves.
Much of the content of this lesson is based on the physics of waves.  Two types of waves in physics are longitudinal and transverse waves.  A slinky can be used to model both types of waves.  The video clip https://www.youtube.com/watch?v=SCtf-z4t9L8 illustrates two types of waveforms:  longitudinal waves and transverse waves.  Particles that oscillate perpendicular to the motion of the waves create a transverse wave.  Particles that oscillate in the direction of the motion of the wave create a longitudinal wave.  Sound, which is studied in this lesson, is a longitudinal wave.  
Waves do not transport particles; they transport energy.  A good model for this is to have your class do the wave.  Have students stand in a line at the front of your classroom and raise their arms up and down in order.  You can see the wave move through the line but no one’s position is physically changed.  This is an example of a transverse wave.  You might ask the class (without actually doing it) how they could generate a longitudinal wave while standing in their line.  This would require adjacent students giving each other a slight nudge horizontally.
The frequency  is how many times the particles in a wave oscillate back and forth in one unit of time.  The period  is the length of time to create one back and forth oscillation.  Thus,
 and .
The wavelength  is the horizontal distance between two adjacent troughs or crests of a transverse wave OR between two adjacent rarefications or compressions of a longitudinal wave.  When represented graphically as a sinusoid, troughs and crests (and rarefications and compressions) are the extrema of the graph.  Frequency and wavelength are related to the speed of the wave  by what is known as the wave equation where
.
When the string on a guitar is plucked, a longitudinal wave is created that is reflected back on itself when it reaches the end of the string.  When these waves interfere with one another in just the right way, a standing wave pattern is created.  These standing wave patterns produce the musical tones that you hear.
[bookmark: _GoBack]Students study what happens when two waves are combined in different ways and then specifically discuss the effect of interference that produces a standing wave pattern.  They use sum and difference identities to analyze the behavior of combinations of waves.  Students should be encouraged to use technology as needed throughout this lesson.  Waves can be modeled in graphing software such as Desmos or GeoGebra. 
[image: File:Standingwaves.svg]
Web-based Resources:
· JAVA Applets for modeling transverse, longitudinal, and standing waves: http://phy.hk/wiki/index.htm.
· Background Information on the Physics of Waves: http://www.physicsclassroom.com/class/waves
· Standing Waves: http://en.wikipedia.org/wiki/Standing_wave 
· Information Specific to Sound: http://hyperphysics.phy-astr.gsu.edu/hbase/hframe.html
In Algebra II, Module 2, students used sinusoidal equations to model periodic phenomena (F-TF.B.5).  This lesson builds on that work and shows how wave interference can be modeled by addition of sinusoidal functions.  In this lesson, students use addition and subtraction formulas as tools in the modeling process (F-TF.C.9) in Exercises 4–7.MP.4

This lesson involves quite a bit of descriptive modeling and the modeling cycle.  The problem is how to mathematically represent the waves that create the notes we hear on a musical instrument.  Students simplify the problem and formulate graphs and equations that show wave interference and traveling waves to understand and interpret these effects.  They validate their standing wave model using trigonometric identities and appropriate technology and report their understanding in the Closing and Exit Ticket. 

Classwork
Opening (2 minutes)
Activate prior knowledge with the questions below.  Give students a minute to think about this, and then lead a short whole-group discussion.  
What are some real-world phenomena that can be represented with waves?
· Student answers will vary.  Sound waves, waves at the beach, waves in a wave machine in a water park, microwaves, radio waves, etc.
How do you think waves are related to the study of trigonometry?
· Sinusoidal functions can be used to model waves. 
Scaffolding:
If students are struggling to recall the features of graphs of sinusoidal functions, you may wish to revisit Algebra II, Module 2 lessons that defined the features of the graphs of sinusoids.
You can extend this lesson by reviewing how to sketch sinusoids and how to write the equations from the graphs of a sinusoid.
Consider posting an anchor chart for student reference that shows the features of the graph of a sinusoid.  You can use the Lesson Summary from Algebra II, Module 2, Lesson 11 to create the anchor chart.

Opening Exercise (6 minutes)
The Opening Exercise shows graphs of several different sinusoidal functions that represent musical notes.  The tones we hear when a note is played are created by the vibrations of the instrument.  These vibrations create longitudinal waves that interfere with one another to produce the notes.  Different tones are produced by varying the amplitude (loudness) and frequency (pitch) of the waves.
Use this exercise to review the features of the graphs of sinusoidal functions that students studied in Algebra II, Module 2.  This lesson can be completed primarily by sketching graphs by hand but could also be done using a graphing calculator or other graphing technology if students require more scaffolding.  Since the focus is on modeling, technology is an appropriate tool for this investigation.  The functions in the Opening Exercise will be used to model wave interference later in the lesson.

Opening Exercise
When you hear a musical note played on an instrument, the tones are caused by vibrations of the instrument.  The vibrations can be represented graphically as a sinusoid.  The amplitude is a measure of the loudness of the note, and the frequency is a measure of the pitch of the note.  Recall that the frequency of a sinusoidal function is the reciprocal of its period.  Louder notes have greater amplitude, and higher pitched notes have larger frequencies. 
a. State the amplitude, period, and frequency of each sinusoidal function graphed below.
[image: ]
[image: ]
Function  has amplitude , period , and frequency .
Function  has amplitude , period , and frequency .
Function  has amplitude , period , and frequency .
Function  has amplitude , period , and frequency .

b. Order the graphs from quietest note to loudest note.
The quietest notes have lower amplitudes.  The order from quietest note to loudest note would be 
, , , and .

c. Order the graphs from lowest pitch note to highest pitch note.
Lower frequencies are lower pitch.  The order from lowest pitch note to highest pitch note would be , , , and .

Discussion (5 minutes)
Define a wave and discuss the two types of waves:  transverse and longitudinal.

Discussion
A wave is a disturbance moving through a medium that disrupts the particles that make up the medium.  A medium can be any substance including solids, liquids, and gases.  When a wave is present, the particles that make up the medium move about a fixed position.  Energy is transferred between the particles, but the particles themselves always return to their fixed positions.  This energy transfer phenomenon is a distinguishing feature of a wave.
One type of wave is a transverse wave where the particles oscillate perpendicular to the motion of the wave.  Another type of wave is a longitudinal wave where the particles oscillate in the same direction as the motion of the wave.  Sound waves are examples of longitudinal waves.  The up and down motion of a buoy in the ocean as a wave passes is similar to a transverse wave.  

Show a short video clip or animation from one of the references listed at the beginning of this lesson that models the two types of waves, or physically model the two types of waves using a Slinky®.  You can find additional resources for modeling waves by searching online.  
Next, line up students in the front of your classroom and model a transverse wave by doing the wave like you might see at a sporting event.  After doing the wave a few times, ask these questions.
What was the medium that the wave traveled through?  What were the particles?  How did we represent the energy transfer in this wave? 
· The line of people was the medium that the wave traveled through.  Each person was a particle.  The up and down movement of our arms represented the back and forth movement perpendicular to the motion of the wave. 
How could we model a longitudinal wave in this lineup?
· We would have to bump into each other consecutively down the line.


Wave interference is what happens when two waves traveling through the same medium meet.  The interference can be constructive or destructive.  The result of wave interference can be represented mathematically as the sum of two wave equations.
The following diagrams can be used to help students understand constructive and destructive interference.
[image: ]
What do you think constructive interference looks like?  What about destructive interference?
· When it’s constructive interference, the amplitudes combine to produce a wave with larger amplitude.  When it’s destructive, the peaks of the graph cancel each other out.

Exercises 1–4 (10 minutes)
Students now model wave interference by adding selected points on the graphs of two functions.  They use sum identities to show that the sum of two sinusoidal functions can be written in terms of a single sinusoidal function as long as the two functions have the same period.  Note that the functions in Exercises 1 and 2 are the same functions that were graphed in the Opening Exercises.  Blank graph paper with a trigonometric scale is provided at the end of the lesson if needed.
Exercise 4 provides an example of constructive interference.

Exercises 1–7
When two musical notes are played simultaneously, wave interference occurs.  Wave interference is also responsible for the actual sound of the notes that you hear. 
1. The graphs of two functions,  and  are shown below.
[image: ]


a. Model wave interference by picking several points on the graphs of  and  and then using those points to create a graph of .MP.3

[image: ]
MP.2

b. What is a formula for ?  Explain how you got your answer.
A formula is .  Since  and , you can simply add the two expressions together.

3. The graphs of  and  are shown below. 
[image: ]
a. Model wave interference by picking several points on the graphs of  and  and then using those points to create a graph of .
[image: ]

b. What is an approximate formula for ?  Explain how you got your answer.
From the graph, the amplitude appears to be , the period appears to be , and the graph looks like it has been shifted approximately  units to the right.  So . 
In the sample response for Exercise 2 part (b), the phase shift is only approximate and is incorrect.  Students will most likely NOT use an identity to determine the phase shift of the cosine graph precisely.  Be sure to go through the algebraic steps below for finding the phase shift precisely during the debriefing period.
Exercise 3 below provides an example of destructive interference.

4. Let  and .
a. Predict what the graph of the wave interference function  would look like in this situation.
[image: ]
The graphs are reflections of one another across the horizontal axis.  Therefore, the wave interference function would be  because the two functions would cancel each other out for every value of .

b. Use an appropriate identity to confirm your prediction.


5. Show that in general, the function  can be rewritten as the sum of a sine and cosine function with equal periods and different amplitudes.

The two functions would be  with amplitude  and period  and  with amplitude  and period .  The only time the amplitudes would be equal is when  for integers . 

Discussion (5 minutes)
Before moving on to the next exercises, debrief student work by having one or two students present their graphs to the class or model the problem directly using GeoGebra or other graphing software that can be projected to the class.  Then show students how to algebraically determine the equation of the function  in Exercise 2.
In Exercise 2, how could you be sure that the function you wrote is correct?
· We would have to algebraically determine the values  and .
In Exercise 3, we used an identity to show that .  How could we show that 
 for some values of  and ?
· Since one side is a sum, rewrite the right side of the equation using the sum identity for cosine.
Start by rewriting using an identity:
.
Then equate  by matching multiples of  and .
This gives  and .  Since these equations are true for all values of , they are true where , so we can divide by  or  as appropriate.  We then have  and .
There are other ways to solve for the values of  and  besides the method modeled below.  After rewriting the general cosine formula using the difference identity, let students work within their groups for a few minutes to determine the values of  and .
Since  and , we know that .
Thus, .
Then, solving each equation for sine and cosine gives  and .
Since , we have ; therefore, .
Substituting the values back into the equation gives us .
Students should confirm using a graphing calculator that  by graphing the functions  and .
Scaffolding:
This would be an appropriate point in the lesson to rely on technology for students who are still struggling to sketch graphs of sinusoidal functions quickly by hand.
When using graphing technology, be sure to set up the graphics viewing window with the same scale and dimensions as the graphs shown in the student materials.

Exercises 5–7 (10 minutes)

6. Find an exact formula for  in the form .  Graph , , and  together on the same axes.

[image: ]
Then  and , so we have  and .  Since , we have .  Thus,  and .  Then, , so 
.  Thus, .


7. Find an exact formula for  in the form .  Graph , , and  together on the same axes. 

[image: ]
Then,  and , so we have  and .  Since , we have .  Thus,  and .  Then, , so .  Because , and , we know that , and thus, .  Thus, .

8. Can you find an exact formula for  in the form   If not, why not?  Graph , , and  together on the same axes.
[image: ]
Although it is periodic with period , the graph of  is not the graph of a function .  Thus, we cannot write the function  in the specified form.


Closing (3 minutes)
To close this lesson, have students respond to the questions below in writing or with a partner.  Review the Lesson Summary as time permits.
What are the two types of waves, and how are they different?
· The two types of waves are transverse and longitudinal.  Transverse waves vibrate perpendicular to the direction of travel.  Longitudinal waves vibrate in the direction of travel.
How can we use sinusoidal functions to model waves?
· The waves repeat the displacement periodically, which we can model with a sine function.
How does the sum identity for sine help us understand the wave model?
· By rewriting the formula using the identity, we can better analyze the patterns of the nodes and anti-nodes of a wave caused by interference.
Lesson Summary
A wave is displacement that travels through a medium.  Waves transfer energy, not matter.  There are two types of waves:  transverse and longitudinal.  Sound waves are an example of longitudinal waves.
When two or more waves meet, interference occurs and can be represented mathematically as the sum of the individual waves. 
The sum identity for sine is useful for analyzing the features of wave interference.



Exit Ticket (4 minutes)

Name                 							         		Date              		         
Lesson 6:  Waves, Sinusoids, and Identities

Exit Ticket

Use appropriate identities to rewrite the wave equation shown below in the form .













Rewrite  in the form .


Exit Ticket Sample Solutions

1. Use appropriate identities to rewrite the equation shown below in the form .


Then, we have  and , so  and .  Since , we have , so .  It follows that , so .  Thus, .

10. Rewrite  in the form .
 
 
 

Problem Set Sample Solutions

1. Rewrite the sum of the following functions in the form .  Graph , , and  on the same set of axes. 
11. ; 
 
 
[image: ]



a. ;  
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b. ; 
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c. ; 
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d. ;  
 
 
[image: ]

12. Find a sinusoidal function  that fits each of the following graphs. 
a. 
[image: ]
 

b. 
[image: ]
 

c. 
[image: ]
 
d. 
[image: ]
 

13. Two functions  and  are graphed below.  Sketch the graph of the sum .
a. 
[image: ]
[image: ]

b. 
[image: ]
[image: ]
c. 
[image: ]
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d. 
[image: ]
[image: ]

e. 
[image: ]
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Blank Graph Paper with Trigonometric Scale

[image: ]

[image: ][image: http://mirrors.creativecommons.org/presskit/buttons/80x15/png/by-nc-sa.png][image: ]Lesson 6:	Waves, Sinusoids, and Identities
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