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IQI Lesson 26: Getting a Handle on New Transformations

Student Outcomes

=  Students understand that the absolute value of the determinant of a 2 X 2 matrix is the area of the image of
the unit square.

Lesson Notes

This is day one of a two day lesson on transformations using matrix notation. Students begin with the unit square and
look at the geometric results of simple transformations on the unit square. Students then calculate the area of the
transformed figure and understand that it is the absolute value of the determinant of the 2 X 2 matrix representing the
transformation.

Classwork

Have students work on the Opening Exercise individually and then check solutions as a class. This exercise allows
students to practice the matrix operations of addition and subtraction and prepares them for concepts they will need in
Lessons 26 and 27.

In the next few exercises, matrices are represented with square brackets. Discuss with students that matrices can be

. 1 2 1 2 .
represented with soft or square brackets. [3 4] and (3 4) represent the same matrix.

Opening Exercise (8 minutes)

_U'p'ETI'I'H'g'EX'E'I'CfSE
Perform the following matrix operations:
Scaffolding:
» B oidng R
1 5113 = To aid students in matrix operations,
[—9] ask questions such as, “How do we
14

multiply matrices?” or “How do we add
matrices?” The images below can be

b, [3 —2] [1 0] displayed in the classroom as guides.

; _52 o1 =  To multiply matrices:

[1 5 ] [a b] [x] _ [ax + by

c dllyl ™ lex+dy

[3 —2] [1 —3] [a b] [x y] _ [ax +bz ay+bw
« 1 s5ll2 4 c dlz w cx+dz cy+dw

[_1 —17 = To add matrices:

11 17

G a+C WN=-C i)

o [t S d
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[Sa— 2c 3b— Zd]
la+5c 1b+5d

e« [ 51+l 1

v
U b S F
5 )

& 1 51+ d
—2+b]

[3+a
5+d

1+c¢

h.  Canyou add the two matrices in part (a)? Why or why not?

No, the matrices do not have the same dimensions, so they cannot be added.

Exploratory Challenge (20 minutes)

In this Exploratory Challenge, students discover what matrix transformations do to a unit
square geometrically. Students calculate the area of the image of the unit square and
discover that the area is the absolute value of the determinant of the resulting 2 X 2
matrix. In this challenge, let students work in pairs, but lead the class together from step
to step. Students should have graph paper and a ruler.

cO
O

MMON
RE

© 2014 Common Core, Inc. Some rights reserved. commoncore.org

We have seen that every matrix [ccl Z] corresponds to some kind of
transformation of the plane, but it can be hard to see what the transformation
actually does. For example, what does the matrix [1(1)9 _32] do to points,
shapes, and lines in the plane?

o Allow students to share ideas. We will answer this question later after
looking at more basic matrices.

Let’s draw the unit square in the coordinate plane with each side 1 inch long.

o Students draw unit square. (Check to make sure the squares are 1 inch X
1inch.)

Now label the vertices of the square.
o Students label the vertices as shown.

Write a set of matrices that represents the vertices of the unit square.

* Jol-lol [2) ane[3]

As we learned in previous lessons, any matrix of the form [Cbl _ab] is a

@,1)

rotation and a dilation. Perform this transformation on the vertices of
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Scaffolding:

= Some student pairs may
need targeted one-to-one

guidance on this challenge.

= For advanced students,
give them the challenge
without guiding questions,
and allow them to work in
pairs on their own,
checking their steps
periodically.

= Provide unlabeled graphs
for students who have
difficulties with eye-hand
coordination or fine motor
skills.

(1.1}

10.0)

(1.0}
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the unit squareifa > 0 and b > 0. Show your work.
o P 1 R e 14 e e e | o P
=  What are the coordinates of the image of (1,0) and (0,1)?
= (1,0) - (a,b)
= (0,1) » (—bh,a)

= Graph the image on the same graph as the original
unit square in a different color. -

@ See diagram at right.
= Label the coordinates of the vertices.
@ (0,0),(a,b),(—b,a), and

(a=b,b+a)
= This picture allows you to see the rotation and _—
dilation that took place on the unit square. Let’s try
another transformation. o1 o
=  Draw another unit square with side lengths of 1 >
inch.
o Students draw a second unit square.
= Perform the general transformation [Z (fl] on the
vertices of the unit square.
a a c110 _ 0 .0 )
[b d] [o] - [0] Y
a ciriy_gra
b allol =15
a c1[01_[c
b allil=1dl
a clfly_fJa+c
[b d][l]_[b+d (v badt)
=  What are the coordinates of the image of (1, 0) ffff”7
— !
5 -
and (1, 1) o /
= (1,0) - (a,b) / /
!
s (L,1)>(a+cb+d) ;
=  Graph the image on the same graph as the second  ©*" . 1.1) /
unit square in a different color, and label the
vertices. /
o See diagram at right. //
s The vertices are (0,0), (a, b), (¢, d), and ff/_fff’ fa,b)
(@+cb+d). —
(0, 0) = (1.0}
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=  Look at the two diagrams that we have created. The original unit —T
square had four straight sides. After the transformations, were the ‘ l -
straight segments mapped to straight segments? Was the square
mapped to a square? Explain.

o Straight segments were mapped to straight segments.

o The square was mapped to a parallelogram. e I—

*  Does this transformation change the area of the unit square? o
|-ln! =

o |t seems to—yes.

= Let’s find the area of the image from the general transformation. Allow students to work in pairs to find the
area of the image by enclosing the parallelogram in a rectangle and subtracting the areas of the right triangles
and rectangles surrounding the parallelogram. The area of the first image may be slightly easier to find.

1 1
Area=(a+c)(b+d)—2 (E ab + ECd + bc) Scaffolding:
Area =ab + ad + bc + cd —ab — cd — 2bc .
A —ad — b = |f students are struggling
rea =aa —be to understand the need
=  When we drew the image, we kept the orientation of the vertices; in other for absolute value with
words, we mapped (1,0) to (a,b) and (1,1) to (a + ¢, b + d). We could have variables, have them
switched the order of vertices (a, b) and (c,d). Redraw the picture and perform this activity using
calculate the area of the parallelogram image. Do you get the same area? the following matrices.
Explain.

. [3 1] has a determinant
o The area is the opposite of what we calculated before. The area is 2 4

be — ad. of 10.
= What could we do to ensure this formula always works for the area regardless of " Ll} g] has a determinant
the orientation of the vertices? of —10.
o Take the absolute value. = Both give the same

transformed figure, so to
get the area, we must take
the absolute value of the

° Area = |ad — bc| determinant (MP.2).

= The determinant of a 2 X 2 matrix [Z 2] is |ad — bc|. Explain this

= Write the general formula for the area of the parallelogram that is the image of
the transformation of the unit square.

geometrically to your neighbor.
@ The determinant of a 2 X 2 matrix is the area of the image of the unit square that has undergone the
. [fa c
transformation [b d]'

=  DETERMINANT: The area of the image of the unit square under the linear transformation represented by a 2 X 2
matrix is called the determinant of that matrix.

Exercises 1-3 (10 minutes)

In Exercises 1 and 2, we revisit two problems discussed in the Exploratory Challenge and answer questions using what
students have discovered. Exercise 3 revisits the pure dilation and rotation matrices to see their effect on area.
Students should work on these exercises in pairs and then debrief as a class. Any problems not completed can be
assigned for homework.
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Exercises 1-3

1. Perform the transformation [1(1)9 _32] on the unit square.
a. Sketch the image. What is the shape of e
the image? ‘ "_ - - \
The image is a parallelogram. \-\ e

b. What are the coordinates of the vertices of the image?

(0,0),(3,-2),(109,1), and (112, -1)

c. What is the area of the image? Show your work.

Area = |(109)(-2) — (3)(1)| = |-221| = 221

2. Inthe Exploratory Challenge, we drew the image of a general rotation/dilation of the unit square [Z _ab]'
a. Calculate the area of the image by enclosing the image in a rectangle _ _ iekben g
and subtracting the area of surrounding right triangles. Show your
work. . |

Area = (a + b)? - 4(3 ab)
Area = a® + 2ab + b?> — 2ab

Area = a® + b?

b. Confirm the area using the determinant of the resulting matrix.
-
b a

Area = |(a)(a) — (b)(=b)| = a? + b?

3.  We have looked at several general matrix transformations in Module 1. Answer the questions below about these
familiar matrices and explain your answers.

a. What effect does the identity transformation have on the unit square? What is the area of the image?
Confirm your answer using the determinant.

The identity transformation does nothing to the unit square. The area is 1, as is the determinant of the unit
matrix.

b. How does a dilation with a scale factor of k change the area of the unit square? Calculate the determinant of
a matrix representing a pure dilation of k.

0], which has a determinant of k?.

The dilation changes all areas by k*. The pure dilation matrix is [k k

c. Does a rotation with no dilation change the area of the unit square? Confirm your answer by calculating the
determinant of a pure rotation matrix and explain.

cos(0) —sin(0)

sin(@) cos(6)

(cos(0))? — (—sin(e))2 = cos?(0) + sin?(0) = 1, which confirms that the area does not change.

A pure rotation does not change the area. The pure rotation matrix is . Its determinant is
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Closing (2 minutes)

Have students do a 30-second quick write on the following question, then debrief as a class.

=  What effect does the general transformation [Z 2] have on the unit square?
o The image of this transformation is a parallelogram with vertices
(0,0),(a,b),(c,d),and (a+c,b + d).
=  What is the easiest way to calculate the area of the image of this transformation?

o Calculate the determinant of the resulting matrix |ad — bc]|.

Lesson Summary
Definition

. The area of the image of the unit square under the linear transformation represented by a 2 X 2 matrix
is called the determinant of that matrix.

Exit Ticket (5 minutes)

Lesson 26: Getting a Handle on New Transformations n
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Name Date

Lesson 26: Getting a Handle on New Transformations

Exit Ticket

Perform the transformation [_42 _51] on the unit square.

a. Draw the unit square and the image after this transformation.

b. Label the vertices. Explain the effect of this transformation on the unit square.

c. Calculate the area of the image. Show your work.
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CQMMON | o= s engage™ s

© 2014 Common Core, Inc. Some rights reserved. commoncore.or; (90 BY-NC-5A This work is licensed under a
2 Inc. 8! g -0Tg _( Creative Commons Attribution-NonCommercial-ShareAlike 3.0 Unported License.



http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

NYS COMMON CORE MATHEMATICS CURRICULUM Lesson 26 m 0

PRECALCULUS AND ADVANCED TOPICS

Exit Ticket Sample Solutions

5

_1] on the unit square.

Perform the transformation [_42

a. Draw the unit square and the image after this
transformation.

b. Label the vertices. Explain the effect of this
transformation on the unit square.

B(1,0) - B'(-2,4)
D(0,1) - D'(5,-1)
€(1,1) - C'(3,3)
A(0,0) - A(0,0)

c. Calculate the area of the image. Show your work.

(2D - (G)Y@)| = [2-20[=[-18| =18

Problem Set Sample Solutions

1. Perform the following transformation on the unit square: sketch the image and the area of the image.

= [ 3]

e | e B e T R A e T R e e [H R

Area = a® + b* = 3% + 12 = 10 square units

1 i A ey | R P P T R U PR I Y

Area = a® + b* = 1% + 32 = 10 square units

—
[
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e« [ 3]
2 allol=lohl Flol=2l JFIRl=lehenly G =[4]

Area = a® + b* = 4% + 22 = 20 square units

—_—

e e B e 1 R A e R P ] P T B

Area = a® + b* = 2% + 4% = 20 square units

or=y2, 535!
|

2.  Perform the following transformation on the unit square: sketch the image, find the determinant of the given
matrix, and find the area the image.

a [ 3
2 ol =lolz Sll=GlG 2l =lghanel; ZIE1=[3]
Determinant: ad —bc=4—-6 = -2 Area = |ad — bc| = |4 — 6| = 2 square units
'=(4,6)
(3.4)
o [5 4]
5 allol=lol5 allol=[31[3 &Il =[3hand s 1131 =[2]
Determinant: ad —bc =4 —6 = -2 Area = |ad — bc| = |4 — 6| = 2 square units
I cF@E
[
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e [ 4l
2 b=l allol=Gle alli]=[Ehmaly GI0GT=[]

Determinant: ad — bc = 12 — 2 = 10 Area = |ad — bc| = |12 — 2| = 10 square units

4 2
d. [3 1]
5 allol =[5 3llol=Gl[; 311 =[ehenals F1E1=[3]
Determinant: ad —bc=4—6 = -2 Area = |ad — bc| = |4 — 6| = 2 square units

e. The determinants in parts (a), (b), (c), and (d) have positive or negative values. What is the value of the
determinants if the vertices (b, c) and (c, d) are switched?

The value is negative.

3.  Perform the following transformation on the unit square: sketch the image, find the determinant of the given
matrix, and find the area the image.

1 23

a. 2 _4
I | R P Y It | e Y | I 2 i 4 R A
Determinant: ad —bc =4 —6 = -2 Area = |ad — bc| = |4 — 6| = 2 square units
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b. [—21 —43]

Determinant: ad —bc = —4+6 =2

[ 2=l Zlhl-

Determinant: ad —bc = —4+6 =2

Z2 allol =Tl [

Determinant: ad —bc = —-4+6 =2

« I 3

e | 1 | R P A P [ R P Ty

[

—iz]'[—iz _34][11 ::[-?é]'and Lji :34][2] - [:34]

allol =221 (22 3] =[2) ene 2 G101

2 Zallol=loll2 Zallal = L2l

Determinant: ad — bc = —4+ 6 = —2

PelHEI

Area = |ad — bc| = |—4 + 6| = 2 square units

Area = |ad — bc| = |—4 + 6] = 2 square units

Area = |ad — bc| = |—4 + 6| = 2 square units

b T o 1 S

Area = |ad — bc| = | -4 + 6| = 2 square units
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N

2 Zdlol=lol1%

Determinant: ad —bc =4—6 = -2

& [_12 _43]

[ Sl =[o} 12

Determinant: ad —bc =4—6 =2

ST g P | R e T

ol =515

_34] [(1)] = [_34]

Area = |ad — bc| = |4 — 6| = 2 square units

=[]

= |4 — 6| = 2 square units

pel S P

Area = |ad — bc|
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