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NYS COMMON CORE MATHEMATICS CURRICULUM M1 Lesson 21 
PRECALCULUS AND ADVANCED TOPICS 

Lesson 21:  The Hunt for Better Notation 

 
Student Outcomes 

 Students represent linear transformations of the form 𝐿𝐿(𝑥𝑥, 𝑦𝑦) = (𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏, 𝑐𝑐𝑐𝑐 + 𝑑𝑑𝑑𝑑) by matrix multiplication  

𝐿𝐿 �
𝑥𝑥
𝑦𝑦� = �𝑎𝑎 𝑏𝑏

𝑐𝑐 𝑑𝑑� �
𝑥𝑥
𝑦𝑦�. 

 Students recognize when a linear transformation of the form 𝐿𝐿 �
𝑥𝑥
𝑦𝑦� = �𝑎𝑎 𝑏𝑏

𝑐𝑐 𝑑𝑑� �
𝑥𝑥
𝑦𝑦� represents rotation and 

dilation in the plane. 

 Students multiply matrix products of the form�𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑� �

𝑥𝑥
𝑦𝑦�. 

 

Lesson Notes 
This lesson introduces 2 × 2 matrices and their use for representing linear transformation through multiplication 
(N-VM.C.11, N-VM.C.12).  Matrices provide a third method of representing rotation and dilation of the plane, as well as 
other linear transformations that the students have not yet been exposed to in this module, such as reflection and 
shearing. 

 

Classwork 

Opening Exercise (5 minutes) 

Have students work on this exercise in pairs or small groups.  Students will see how cumbersome this notation can be. 

 
Opening Exercise 

Suppose that 𝑳𝑳𝟏𝟏(𝒙𝒙, 𝒚𝒚) = (𝟐𝟐𝒙𝒙 − 𝟑𝟑𝒚𝒚, 𝟑𝟑𝒙𝒙 + 𝟐𝟐𝒚𝒚) and 𝑳𝑳𝟐𝟐(𝒙𝒙, 𝒚𝒚) = (𝟑𝟑𝒙𝒙 + 𝟒𝟒𝒚𝒚,−𝟒𝟒𝒚𝒚 + 𝟑𝟑𝒙𝒙). 
Find the result of performing 𝑳𝑳𝟏𝟏 and then 𝑳𝑳𝟐𝟐 on a point (𝒑𝒑, 𝒒𝒒).  That is, find 𝑳𝑳𝟐𝟐�𝑳𝑳𝟏𝟏(𝒑𝒑, 𝒒𝒒)�. 

𝑳𝑳𝟐𝟐�𝑳𝑳𝟏𝟏(𝒑𝒑, 𝒒𝒒)� = 𝑳𝑳𝟐𝟐(𝟐𝟐𝟐𝟐 − 𝟑𝟑𝟑𝟑, 𝟑𝟑𝟑𝟑 + 𝟐𝟐𝟐𝟐) 
= �𝟑𝟑(𝟐𝟐𝟐𝟐 − 𝟑𝟑𝟑𝟑) + 𝟒𝟒(𝟑𝟑𝟑𝟑+ 𝟐𝟐𝟐𝟐),−𝟒𝟒(𝟐𝟐𝟐𝟐 − 𝟑𝟑𝟑𝟑) + 𝟑𝟑(𝟑𝟑𝟑𝟑 + 𝟐𝟐𝟐𝟐)� 
= (𝟔𝟔𝟔𝟔 − 𝟗𝟗𝟗𝟗 + 𝟏𝟏𝟏𝟏𝟏𝟏 + 𝟖𝟖𝟖𝟖,−𝟖𝟖𝒑𝒑 + 𝟏𝟏𝟏𝟏𝟏𝟏 + 𝟗𝟗𝟗𝟗 + 𝟔𝟔𝟔𝟔) 
= (𝟏𝟏𝟏𝟏𝟏𝟏 − 𝒒𝒒,𝒑𝒑 + 𝟏𝟏𝟏𝟏𝟏𝟏) 

 

Discussion (6 minutes) 

Use this discussion to review the answer to the Opening Exercise and to motivate and 
introduce matrix notation. 

 What answer did you get to the Opening Exercise? 
 𝐿𝐿2(𝐿𝐿1(𝑝𝑝, 𝑞𝑞)) = (18𝑝𝑝 − 𝑞𝑞, 𝑝𝑝 + 18𝑞𝑞) 

 How do you feel about this notation?  Do you find it confusing or cumbersome?   

 Answers will vary, but most students will find the composition confusing or cumbersome or both. 

21 

Scaffolding: 
 Have struggling students 

evaluate 𝐿𝐿1(1,2) and 
𝐿𝐿2(1, 2). 

 Have advanced learners 
find 𝐿𝐿2�𝐿𝐿1(𝑝𝑝, 𝑞𝑞)� and 
𝐿𝐿1�𝐿𝐿2(𝑝𝑝, 𝑞𝑞)� and 
determine values of 𝑝𝑝 and 
𝑞𝑞 where  𝐿𝐿2�𝐿𝐿1(𝑝𝑝, 𝑞𝑞)� and 
𝐿𝐿1�𝐿𝐿2(𝑝𝑝, 𝑞𝑞)� are equal. 
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NYS COMMON CORE MATHEMATICS CURRICULUM M1 Lesson 21 
PRECALCULUS AND ADVANCED TOPICS 

 What if I told you there was a simpler way to find the answer?  We just have to learn some new mathematics 
first. 

 In the mid 1800’s and through the early 1900’s, formulas such as 𝐿𝐿(𝑥𝑥, 𝑦𝑦) = (𝑎𝑎𝑎𝑎 − 𝑏𝑏𝑏𝑏, 𝑏𝑏𝑏𝑏 + 𝑎𝑎𝑎𝑎) kept popping 
up in mathematical situations, and people were struggling to find a simpler way to work with these 
expressions.  Mathematicians used a representation called a matrix.  A matrix is a rectangular array of 

numbers that looks like �𝑎𝑎𝑏𝑏� or �𝑎𝑎𝑏𝑏�.  We can represent matrices as soft or hard brackets, but a matrix is a 
rectangular array of numbers.  These matrices both have 1 column and 2 rows.  Matrices can be any size.  A 

square matrix has the same number of rows and columns and could look like �𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑�.  We call this a 2 × 2 

matrix because it has 2 columns and 2 rows. 

 A matrix with one column can be used to represent a point �
𝑥𝑥
𝑦𝑦�.     

 It can also represent a vector from point A to point B.  If 𝐴𝐴(𝑎𝑎1, 𝑎𝑎2) and 𝐵𝐵(𝑏𝑏1, 𝑏𝑏2), then 𝐴𝐴𝐴𝐴�����⃗  can be represented 

as �𝑏𝑏1 − 𝑎𝑎1
𝑏𝑏2 − 𝑎𝑎2

�.  This translation maps 𝐴𝐴 to 𝐵𝐵. 

 Explain what we have just said about a matrix and a vector to your neighbor. 

 Let’s think about what a transformation 𝐿𝐿(𝑥𝑥, 𝑦𝑦) = (𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏, 𝑐𝑐𝑐𝑐 + 𝑑𝑑𝑑𝑑) does to the components of the point (or 

vector) (𝑥𝑥, 𝑦𝑦).  It will be helpful to write a point (𝑥𝑥, 𝑦𝑦) as �
𝑥𝑥
𝑦𝑦�.  Then the transformation becomes 

𝐿𝐿 �
𝑥𝑥
𝑦𝑦� = �𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏

𝑐𝑐𝑐𝑐 + 𝑑𝑑𝑑𝑑� 

 The important parts of this transformation are the four coefficients 𝑎𝑎, 𝑏𝑏, 𝑐𝑐, and 𝑑𝑑.  We will record them in a 

matrix:  �𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑�. 

 A matrix is a rectangular array of numbers, symbols, or expressions, arranged in rows and columns. 

 We can define a new type of multiplication so that �𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑� �

𝑥𝑥
𝑦𝑦� = �𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏

𝑐𝑐𝑐𝑐 + 𝑑𝑑𝑑𝑑�. 

 Based on this definition, explain how the entries in the matrix are used in the process of multiplication.  

 When we use matrix multiplication, we think of multiplying the first row of the matrix (𝑎𝑎 𝑏𝑏) by the 

column �
𝑥𝑥
𝑦𝑦� so that (𝑎𝑎 𝑏𝑏) ⋅ �

𝑥𝑥
𝑦𝑦� = 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏, and we write that result in the first row.  (This 

multiplication (𝑎𝑎 𝑏𝑏) ⋅ �
𝑥𝑥
𝑦𝑦� = 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 is called a dot product.  You may choose whether or not to 

share this terminology with your students.)  Then we multiply the second row of the matrix (𝑐𝑐 𝑑𝑑) by 

the column �
𝑥𝑥
𝑦𝑦� so that (𝑐𝑐 𝑑𝑑) ⋅ �

𝑥𝑥
𝑦𝑦� = 𝑐𝑐𝑐𝑐 + 𝑑𝑑𝑑𝑑, and we write that result in the second row, giving the 

final answer. 

 

Example 1 (6 minutes)  

Do the following numerical examples to illustrate matrix-vector multiplication.  You may need to do more or fewer 
examples based on your assessment of your students’ understanding. 

 Evaluate the product �1 2
3 4� �

5
6�. 

 �1 2
3 4� �

5
6� = �1 ⋅ 5 + 2 ⋅ 6

3 ⋅ 5 + 4 ⋅ 6� = �17
39� 

MP.7 
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NYS COMMON CORE MATHEMATICS CURRICULUM M1 Lesson 21 
PRECALCULUS AND ADVANCED TOPICS 

 Evaluate the product �1 2
3 4� �

2
−5�. 

 �1 2
3 4� �

10
−6� = �1 ⋅ 10 + 2 ⋅ (−6)

3 ⋅ 10 + 4 ⋅ (−6)� = �−2
6 � 

 Evaluate the product �1 2
3 4� �

𝑥𝑥
𝑦𝑦�. 

 �1 2
3 4� �

𝑥𝑥
𝑦𝑦� = � 𝑥𝑥 + 2𝑦𝑦

3𝑥𝑥 + 4𝑦𝑦� 

 

Exercises 1–2 (6 minutes)  

Have students work these exercises in pairs or small groups. 

 
Exercises 1–2 

1. Calculate each of the following products. 

a. � 𝟑𝟑 −𝟐𝟐
−𝟏𝟏 𝟒𝟒 ��𝟏𝟏𝟓𝟓� 

� 𝟑𝟑 − 𝟏𝟏𝟏𝟏
−𝟏𝟏 + 𝟐𝟐𝟐𝟐� = �−𝟕𝟕𝟏𝟏𝟏𝟏� 

 

b. �𝟑𝟑 𝟑𝟑
𝟑𝟑 𝟑𝟑� �

𝟒𝟒
−𝟒𝟒�  

�𝟑𝟑 𝟑𝟑
𝟑𝟑 𝟑𝟑� �

𝟒𝟒
−𝟒𝟒� = �𝟏𝟏𝟏𝟏 − 𝟏𝟏𝟏𝟏

𝟏𝟏𝟏𝟏 − 𝟏𝟏𝟏𝟏� = �𝟎𝟎𝟎𝟎� 

 

c. �𝟐𝟐 −𝟒𝟒
𝟓𝟓 −𝟏𝟏� �

𝟑𝟑
−𝟐𝟐�  

�𝟐𝟐 −𝟒𝟒
𝟓𝟓 −𝟏𝟏� �

𝟑𝟑
−𝟐𝟐� = � 𝟔𝟔 + 𝟖𝟖

𝟏𝟏𝟏𝟏 + 𝟐𝟐� = �𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏� 

 

2. Find a value of 𝒌𝒌 so that �𝟏𝟏 𝟐𝟐
𝒌𝒌 𝟏𝟏� �

𝟑𝟑
−𝟏𝟏� = � 𝟏𝟏𝟏𝟏𝟏𝟏�. 

Multiplying this out, we have �𝟏𝟏 𝟐𝟐
𝒌𝒌 𝟏𝟏��

𝟑𝟑
−𝟏𝟏� = � 𝟏𝟏

𝟑𝟑𝟑𝟑 − 𝟏𝟏� = � 𝟏𝟏𝟏𝟏𝟏𝟏� so 𝟑𝟑𝟑𝟑 − 𝟏𝟏 = 𝟏𝟏𝟏𝟏, and thus 𝒌𝒌 = 𝟒𝟒.  

 

Example 2 (6 minutes)  

Use this example to connect the process of multiplying a matrix by a vector to the geometric transformations of rotation 
and dilation in the plane we have been doing in the past few lessons. 

 We know that a linear transformation 𝐿𝐿(𝑥𝑥, 𝑦𝑦) = (𝑎𝑎𝑎𝑎 − 𝑏𝑏𝑏𝑏, 𝑏𝑏𝑏𝑏 + 𝑎𝑎𝑎𝑎) has the geometric effect of a 
counterclockwise rotation in the plane by arg(𝑎𝑎 + 𝑏𝑏𝑏𝑏) and dilation with scale factor |𝑎𝑎 + 𝑏𝑏𝑏𝑏|.  How would we 
represent this rotation and dilation using matrix multiplication? 

 𝐿𝐿 �
𝑥𝑥
𝑦𝑦� = �𝑎𝑎 −𝑏𝑏

𝑏𝑏 𝑎𝑎 � �
𝑥𝑥
𝑦𝑦�. 

 
 

 

http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US


 
 
  
  
 

Lesson 21: The Hunt for Better Notation 
Date: 1/30/15 
 

281 

© 2014 Common Core, Inc. Some rights reserved. commoncore.org This work is licensed under a  
Creative Commons Attribution-NonCommercial-ShareAlike 3.0 Unported License.  

    

 

 

NYS COMMON CORE MATHEMATICS CURRICULUM M1 Lesson 21 
PRECALCULUS AND ADVANCED TOPICS 

 What is the geometric effect of the transformation 𝐿𝐿 �
𝑥𝑥
𝑦𝑦� = �1 −2

2 1 � �
𝑥𝑥
𝑦𝑦� ?  

 This corresponds to the transformation 𝐿𝐿(𝑥𝑥, 𝑦𝑦) = (𝑎𝑎𝑎𝑎 − 𝑏𝑏𝑏𝑏, 𝑏𝑏𝑏𝑏 + 𝑎𝑎𝑎𝑎) with 𝑎𝑎 = 1 and 𝑏𝑏 = 2, so the 

geometric effect of this transformation is counterclockwise rotation through arctan �2
1
� and dilation 

with scale factor |1 + 2𝑖𝑖| = √5. 

 Evaluate the product �1 −2
2 1 � �1

0�. 

 �1 −2
2 1 � �1

0� = �1 ⋅ 1 + (−2) ⋅ 0
2 ⋅ 1 + 1 ⋅ 0 � = �1

2�. 

 The points represented by �1
0� and �1

2� are shown on the axes below.  We see 

that the point �1
2� is the image of the point �1

0� under rotation by  

arg(1 + 2𝑖𝑖) = arctan(2) ≈ 63.435° and dilation by|1 + 2𝑖𝑖| = √5 ≈ 2.24. 

 

 

 

 

 

 

 

 

 

 

Exercises 3–9 (8 minutes) 

Have students work in pairs or small group on these exercises.   

 
Exercises 3–9 

3. Find a matrix �𝒂𝒂 𝒃𝒃
𝒄𝒄 𝒅𝒅� so that we can represent the transformation 𝑳𝑳(𝒙𝒙, 𝒚𝒚) = (𝟐𝟐𝒙𝒙 − 𝟑𝟑𝒚𝒚, 𝟑𝟑𝒙𝒙 + 𝟐𝟐𝒚𝒚) by  

𝑳𝑳 �
𝒙𝒙
𝒚𝒚� = �𝒂𝒂 𝒃𝒃

𝒄𝒄 𝒅𝒅��
𝒙𝒙
𝒚𝒚�. 

The matrix is �𝟐𝟐 −𝟑𝟑
𝟑𝟑 𝟐𝟐 �. 

 

4. If a transformation 𝑳𝑳 �
𝒙𝒙
𝒚𝒚� = �𝒂𝒂 𝒃𝒃

𝒄𝒄 𝒅𝒅��
𝒙𝒙
𝒚𝒚� has the geometric effect of rotation and dilation, do you know about the 

values 𝒂𝒂, 𝒃𝒃, 𝒄𝒄, and 𝒅𝒅? 

Since the transformation is 𝑳𝑳(𝒙𝒙, 𝒚𝒚) = (𝒂𝒂𝒂𝒂 − 𝒃𝒃𝒃𝒃, 𝒃𝒃𝒃𝒃 + 𝒂𝒂𝒂𝒂) has matrix representation   𝑳𝑳 �
𝒙𝒙
𝒚𝒚� = �𝒂𝒂 −𝒃𝒃

𝒃𝒃 𝒂𝒂 ��
𝒙𝒙
𝒚𝒚�, we 

know that 𝒂𝒂 = 𝒅𝒅 and 𝒄𝒄 = −𝒃𝒃. 

 

Scaffolding: 
 Remember from Algebra II 

that 𝜃𝜃 = arctan(𝑏𝑏
𝑎𝑎

) means 
we are finding the angle 𝜃𝜃 
such that tan(𝜃𝜃) = 𝑏𝑏

𝑎𝑎
. 

 We know tan �𝜋𝜋
4
� = 1, so 

arctan(1) = 𝜋𝜋
4
. 

MP.2 
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5. Describe the form of a matrix �𝒂𝒂 𝒃𝒃
𝒄𝒄 𝒅𝒅� so that the transformation 𝑳𝑳 �

𝒙𝒙
𝒚𝒚� = �𝒂𝒂 𝒃𝒃

𝒄𝒄 𝒅𝒅� �
𝒙𝒙
𝒚𝒚� has the geometric effect of 

only dilation by a scale factor 𝒓𝒓. 

The transformation that scales by factor 𝒓𝒓 has the form 𝑳𝑳(𝒙𝒙,𝒚𝒚) = 𝒓𝒓(𝒙𝒙,𝒚𝒚) = (𝒓𝒓𝒓𝒓, 𝒓𝒓𝒓𝒓) = (𝒓𝒓𝒓𝒓 − 𝟎𝟎𝟎𝟎, 𝟎𝟎𝟎𝟎 + 𝒓𝒓𝒓𝒓), so the 

matrix has the form �𝒓𝒓 𝟎𝟎
𝟎𝟎 𝒓𝒓�. 

 

6. Describe the form of a matrix �𝒂𝒂 𝒃𝒃
𝒄𝒄 𝒅𝒅� so that the transformation 𝑳𝑳 �

𝒙𝒙
𝒚𝒚� = �𝒂𝒂 𝒃𝒃

𝒄𝒄 𝒅𝒅� �
𝒙𝒙
𝒚𝒚� has the geometric effect of 

only rotation by 𝜽𝜽.  Describe the matrix in terms of 𝜽𝜽. 

The matrix has the form �𝒂𝒂 −𝒃𝒃
𝒃𝒃 𝒂𝒂 �, where 𝐚𝐚𝐚𝐚𝐚𝐚(𝒂𝒂 + 𝒃𝒃𝒃𝒃) = 𝜽𝜽.  Thus, 𝒂𝒂 = 𝐜𝐜𝐜𝐜𝐜𝐜(𝜽𝜽) and 𝒃𝒃 = 𝐬𝐬𝐬𝐬𝐬𝐬(𝜽𝜽), so the matrix has 

the form �𝐜𝐜𝐜𝐜𝐜𝐜(𝜽𝜽) −𝐬𝐬𝐬𝐬𝐬𝐬(𝜽𝜽)
𝐬𝐬𝐬𝐬𝐬𝐬(𝜽𝜽) 𝐜𝐜𝐜𝐜𝐜𝐜(𝜽𝜽) �. 

 

7. Describe the form of a matrix �𝒂𝒂 𝒃𝒃
𝒄𝒄 𝒅𝒅� so that the transformation 𝑳𝑳 �

𝒙𝒙
𝒚𝒚� = �𝒂𝒂 𝒃𝒃

𝒄𝒄 𝒅𝒅� �
𝒙𝒙
𝒚𝒚� has the geometric effect of 

rotation by 𝜽𝜽 and dilation with scale factor 𝒓𝒓.  Describe the matrix in terms of 𝜽𝜽 and 𝒓𝒓. 

The matrix has the form �𝒂𝒂 −𝒃𝒃
𝒃𝒃 𝒂𝒂 �, where 𝐚𝐚𝐚𝐚𝐚𝐚(𝒂𝒂 + 𝒃𝒃𝒃𝒃) = 𝜽𝜽 and 𝒓𝒓 = |𝒂𝒂 + 𝒃𝒃𝒃𝒃|.  Thus, 𝒂𝒂 = 𝒓𝒓 𝐜𝐜𝐜𝐜𝐜𝐜(𝜽𝜽) and 𝒃𝒃 = 𝒓𝒓 𝐬𝐬𝐬𝐬𝐬𝐬(𝜽𝜽), 

so the matrix has the form �𝒓𝒓 𝐜𝐜𝐜𝐜𝐜𝐜(𝜽𝜽) −𝒓𝒓 𝐬𝐬𝐬𝐬𝐬𝐬(𝜽𝜽)
𝒓𝒓 𝐬𝐬𝐬𝐬𝐬𝐬(𝜽𝜽) 𝒓𝒓 𝐜𝐜𝐜𝐜𝐜𝐜(𝜽𝜽) �. 

 

8. Suppose that we have a transformation 𝑳𝑳 �
𝒙𝒙
𝒚𝒚� = �𝟏𝟏 𝟐𝟐

𝟎𝟎 𝟏𝟏� �
𝒙𝒙
𝒚𝒚�. 

a. Does this transformation have the geometric effect of rotation and dilation? 

No; the matrix is not in the form �𝒂𝒂 −𝒃𝒃
𝒃𝒃 𝒂𝒂 �, so this transformation is not a rotation and dilation. 

 

b. Transform each of the points 𝑨𝑨 = �𝟎𝟎𝟎𝟎�, 𝑩𝑩 = �𝟏𝟏𝟎𝟎� , 𝑪𝑪 = �𝟏𝟏𝟏𝟏�, and 𝑫𝑫 = �𝟎𝟎𝟏𝟏� and plot the images in the plane 

shown. 
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9. Describe the geometric effect of the transformation 𝑳𝑳 �
𝒙𝒙
𝒚𝒚� = �𝟏𝟏 𝟎𝟎

𝟎𝟎 𝟏𝟏� �
𝒙𝒙
𝒚𝒚�.   

This transformation does nothing to the point (𝒙𝒙, 𝒚𝒚) in the plane; it is the identity transformation.  

 

Closing (3 minutes) 

 Ask students to summarize the lesson in writing or orally with a partner.  Some key elements are summarized 
below.  

 

Exit Ticket (5 minutes)  

 

  

Lesson Summary  

For real numbers 𝒂𝒂, 𝒃𝒃, 𝒄𝒄, and 𝒅𝒅, the transformation 𝑳𝑳(𝒙𝒙, 𝒚𝒚) = (𝒂𝒂𝒂𝒂 + 𝒃𝒃𝒃𝒃, 𝒄𝒄𝒄𝒄 + 𝒅𝒅𝒅𝒅) can be represented using matrix 

multiplication by 𝑳𝑳 �
𝒙𝒙
𝒚𝒚� = �𝒂𝒂 𝒃𝒃

𝒄𝒄 𝒅𝒅��
𝒙𝒙
𝒚𝒚�, where �𝒂𝒂 𝒃𝒃

𝒄𝒄 𝒅𝒅��
𝒙𝒙
𝒚𝒚� = �𝒂𝒂𝒙𝒙 + 𝒃𝒃𝒃𝒃

𝒄𝒄𝒄𝒄 + 𝒅𝒅𝒅𝒅� and the �
𝒙𝒙
𝒚𝒚� represents the point (𝒙𝒙, 𝒚𝒚) in 

the plane. 

 The transformation is a counterclockwise rotation by 𝜽𝜽 if and only if the matrix representation is 

𝑳𝑳 �
𝒙𝒙
𝒚𝒚� = �𝐜𝐜𝐜𝐜𝐜𝐜(𝜽𝜽) −𝐬𝐬𝐬𝐬𝐬𝐬(𝜽𝜽)

𝐬𝐬𝐬𝐬𝐬𝐬(𝜽𝜽) 𝐜𝐜𝐜𝐜𝐜𝐜(𝜽𝜽) � �
𝒙𝒙
𝒚𝒚�.  

 The transformation is a dilation with scale factor 𝒌𝒌 if and only if the matrix representation is 

𝑳𝑳 �
𝒙𝒙
𝒚𝒚� = �𝒌𝒌 𝟎𝟎

𝟎𝟎 𝒌𝒌��
𝒙𝒙
𝒚𝒚�.    

 The transformation is a counterclockwise rotation by 𝐚𝐚𝐚𝐚𝐚𝐚(𝒂𝒂 + 𝒃𝒃𝒃𝒃) and dilation with scale factor 

|𝒂𝒂 + 𝒃𝒃𝒃𝒃| if and only if the matrix representation is 𝑳𝑳 �
𝒙𝒙
𝒚𝒚� = �𝒂𝒂 −𝒃𝒃

𝒃𝒃 𝒂𝒂 ��
𝒙𝒙
𝒚𝒚�.  If we let 𝒓𝒓 = |𝒂𝒂 + 𝒃𝒃𝒃𝒃| and 

𝜽𝜽 = 𝐚𝐚𝐚𝐚𝐚𝐚(𝒂𝒂 + 𝒃𝒃𝒃𝒃), then the matrix representation is 𝑳𝑳�
𝒙𝒙
𝒚𝒚� = �𝒓𝒓 𝐜𝐜𝐜𝐜𝐜𝐜(𝜽𝜽) −𝒓𝒓 𝐬𝐬𝐬𝐬𝐬𝐬(𝜽𝜽)

𝒓𝒓 𝐬𝐬𝐬𝐬𝐬𝐬(𝜽𝜽) 𝒓𝒓 𝐜𝐜𝐜𝐜𝐜𝐜(𝜽𝜽) � �
𝒙𝒙
𝒚𝒚�. 
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Name                                   Date                          

Lesson 21:  The Hunt for Better Notation 

 
Exit Ticket 
 

1. Evaluate the product �10 2
−8 −5� �

3
−2�. 

 

 

 

 
 

 

 

 

 

2. Find a matrix representation of the transformation 𝐿𝐿(𝑥𝑥, 𝑦𝑦) = (3𝑥𝑥 + 4𝑦𝑦, 𝑥𝑥 − 2𝑦𝑦). 
 

 

 

 

 
 

 

 

 

3. Does the transformation 𝐿𝐿 �
𝑥𝑥
𝑦𝑦� = � 5 2

−2 5� �
𝑥𝑥
𝑦𝑦� represent a rotation and dilation in the plane?  Explain how you 

know. 
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Exit Ticket Sample Solutions 
 

1. Evaluate the product �𝟏𝟏𝟏𝟏 𝟐𝟐
−𝟖𝟖 −𝟓𝟓� �

𝟑𝟑
−𝟐𝟐�. 

�𝟏𝟏𝟏𝟏 𝟐𝟐
−𝟖𝟖 −𝟓𝟓� �

𝟑𝟑
−𝟐𝟐� = � 𝟑𝟑𝟑𝟑 − 𝟒𝟒

−𝟐𝟐𝟐𝟐 + 𝟏𝟏𝟏𝟏� 

= � 𝟐𝟐𝟐𝟐−𝟏𝟏𝟏𝟏� 

 

2. Find a matrix representation of the transformation 𝑳𝑳(𝒙𝒙, 𝒚𝒚) = (𝟑𝟑𝟑𝟑 + 𝟒𝟒𝟒𝟒, 𝒙𝒙 − 𝟐𝟐𝟐𝟐). 

𝑳𝑳 �
𝒙𝒙
𝒚𝒚� = �𝟑𝟑 𝟒𝟒

𝟏𝟏 −𝟐𝟐� �
𝒙𝒙
𝒚𝒚� 

 

3. Does the transformation 𝑳𝑳�
𝒙𝒙
𝒚𝒚� = � 𝟓𝟓 𝟐𝟐

−𝟐𝟐 𝟓𝟓��
𝒙𝒙
𝒚𝒚� represent a rotation and dilation in the plane?  Explain how you 

know.  

Yes; this transformation can also be represented as 𝑳𝑳(𝒙𝒙, 𝒚𝒚) = (𝟓𝟓𝟓𝟓 − (−𝟐𝟐)𝒚𝒚,−𝟐𝟐𝟐𝟐 + 𝟓𝟓𝟓𝟓), which has the geometric 
effect of counterclockwise rotation by 𝐚𝐚𝐚𝐚𝐚𝐚(𝟓𝟓 − 𝟐𝟐𝟐𝟐) and dilation by |𝟓𝟓 − 𝟐𝟐𝟐𝟐|. 

 

Problem Set Sample Solutions 
 

1. Perform the indicated multiplication. 

a. �𝟏𝟏 𝟐𝟐
𝟒𝟒 𝟖𝟖� �

𝟑𝟑
−𝟐𝟐� 

�−𝟏𝟏−𝟒𝟒� 

 

b. � 𝟑𝟑 𝟓𝟓
−𝟐𝟐 −𝟔𝟔��

𝟐𝟐
𝟒𝟒�  

� 𝟐𝟐𝟐𝟐−𝟐𝟐𝟐𝟐� 

 

c. �𝟏𝟏 𝟏𝟏
𝟏𝟏 −𝟏𝟏� �

𝟔𝟔
𝟖𝟖�   

�𝟏𝟏𝟏𝟏−𝟐𝟐� 

 

d. �𝟓𝟓 𝟕𝟕
𝟒𝟒 𝟗𝟗� �

𝟏𝟏𝟏𝟏
𝟏𝟏𝟏𝟏𝟏𝟏� 

�𝟕𝟕𝟕𝟕𝟕𝟕𝟗𝟗𝟗𝟗𝟗𝟗� 

 

e. �𝟒𝟒 𝟐𝟐
𝟑𝟑 𝟕𝟕� �

−𝟑𝟑
𝟏𝟏 �   

�−𝟏𝟏𝟏𝟏−𝟐𝟐 � 
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f. �𝟔𝟔 𝟒𝟒
𝟗𝟗 𝟔𝟔� �

𝟐𝟐
−𝟑𝟑�   

�𝟎𝟎𝟎𝟎� 

 

g. �
𝐜𝐜𝐜𝐜𝐜𝐜(𝜽𝜽) −𝐬𝐬𝐬𝐬𝐬𝐬(𝜽𝜽)
𝐬𝐬𝐬𝐬𝐬𝐬(𝜽𝜽) 𝐜𝐜𝐜𝐜𝐜𝐜(𝜽𝜽) � �

𝒙𝒙
𝒚𝒚�  

�𝒙𝒙 𝐜𝐜𝐜𝐜𝐜𝐜
(𝜽𝜽) − 𝒚𝒚 𝐬𝐬𝐬𝐬𝐬𝐬(𝜽𝜽)

𝒙𝒙 𝐬𝐬𝐬𝐬𝐬𝐬(𝜽𝜽) + 𝒚𝒚 𝐜𝐜𝐜𝐜𝐜𝐜(𝜽𝜽)� 

 

h. �𝝅𝝅 𝟏𝟏
𝟏𝟏 −𝝅𝝅��

𝟏𝟏𝟏𝟏
𝟕𝟕 �   

�𝟏𝟏𝟏𝟏𝟏𝟏 + 𝟕𝟕
𝟏𝟏𝟏𝟏 − 𝟕𝟕𝟕𝟕� 

 

2. Find a value of 𝒌𝒌 so that �𝒌𝒌 𝟑𝟑
𝟒𝟒 𝒌𝒌� �

𝟒𝟒
𝟓𝟓� = �𝟕𝟕𝟔𝟔�. 

We have �𝒌𝒌 𝟑𝟑
𝟒𝟒 𝒌𝒌��

𝟒𝟒
𝟓𝟓� = �𝟒𝟒𝟒𝟒 + 𝟏𝟏𝟏𝟏

𝟏𝟏𝟏𝟏 + 𝟓𝟓𝟓𝟓�, so 𝟒𝟒𝟒𝟒 + 𝟏𝟏𝟏𝟏 = 𝟕𝟕, and 𝟏𝟏𝟏𝟏 + 𝟓𝟓𝟓𝟓 = 𝟔𝟔.  Thus, 𝟒𝟒𝟒𝟒 = −𝟖𝟖, and 𝟓𝟓𝟓𝟓 = −𝟏𝟏𝟏𝟏, so 

𝒌𝒌 = −𝟐𝟐. 

 

3. Find values of 𝒌𝒌 and 𝒎𝒎 so that � 𝒌𝒌 𝟑𝟑
−𝟐𝟐 𝒎𝒎��

𝟓𝟓
𝟒𝟒� = � 𝟕𝟕

−𝟏𝟏𝟏𝟏�. 

We have � 𝒌𝒌 𝟑𝟑
−𝟐𝟐 𝒎𝒎��

𝟓𝟓
𝟒𝟒� = � 𝟕𝟕

−𝟏𝟏𝟏𝟏�, so 𝟓𝟓𝟓𝟓 + 𝟏𝟏𝟏𝟏 = 𝟕𝟕 and −𝟏𝟏𝟏𝟏 + 𝟒𝟒𝟒𝟒 = −𝟏𝟏𝟏𝟏.  Therefore, 𝒌𝒌 = −𝟏𝟏 and 𝒎𝒎 = 𝟎𝟎. 

 

4. Find values of 𝒌𝒌 and 𝒎𝒎 so that � 𝟏𝟏 𝟐𝟐
−𝟐𝟐 𝟓𝟓� �

𝒌𝒌
𝒎𝒎� = � 𝟎𝟎−𝟗𝟗�. 

Since � 𝟏𝟏 𝟐𝟐
−𝟐𝟐 𝟓𝟓� �

𝒌𝒌
𝒎𝒎� = � 𝒌𝒌 + 𝟐𝟐𝟐𝟐

−𝟐𝟐𝟐𝟐+ 𝟓𝟓𝟓𝟓�, we need to find values of 𝒌𝒌 and 𝒎𝒎 so that 𝒌𝒌 + 𝟐𝟐𝟐𝟐 = 𝟎𝟎 and  
−𝟐𝟐𝟐𝟐 + 𝟓𝟓𝟓𝟓 = −𝟗𝟗.  Solving this first equation for 𝒌𝒌 gives 𝒌𝒌 = −𝟐𝟐𝟐𝟐, and substituting this expression for 𝒌𝒌 into the 
second equation gives – 𝟗𝟗 = −𝟐𝟐(−𝟐𝟐𝟐𝟐) + 𝟓𝟓𝟓𝟓 = 𝟗𝟗𝟗𝟗, so we have 𝒎𝒎 = −𝟏𝟏.  Then 𝒌𝒌 = −𝟐𝟐𝟐𝟐 gives 𝒌𝒌 = 𝟐𝟐.  Therefore, 
𝒌𝒌 = 𝟐𝟐 and 𝒎𝒎 = −𝟏𝟏. 

 

5. Write the following transformations using matrix multiplication. 

a. 𝑳𝑳(𝒙𝒙,𝒚𝒚) = (𝟑𝟑𝒙𝒙 − 𝟐𝟐𝒚𝒚, 𝟒𝟒𝒙𝒙 − 𝟓𝟓𝒚𝒚)  

𝑳𝑳 �
𝒙𝒙
𝒚𝒚� = �𝟑𝟑 −𝟐𝟐

𝟒𝟒 −𝟓𝟓��
𝒙𝒙
𝒚𝒚� 

 

b. 𝑳𝑳(𝒙𝒙,𝒚𝒚) = (𝟔𝟔𝒙𝒙 + 𝟏𝟏𝟏𝟏𝒚𝒚,−𝟐𝟐𝒙𝒙 + 𝒚𝒚)  

𝑳𝑳 �
𝒙𝒙
𝒚𝒚� = � 𝟔𝟔 𝟏𝟏𝟏𝟏

−𝟐𝟐 𝟏𝟏 ��
𝒙𝒙
𝒚𝒚� 

 

c. 𝑳𝑳(𝒙𝒙,𝒚𝒚) = (𝟐𝟐𝟐𝟐𝒙𝒙 + 𝟏𝟏𝟏𝟏𝒚𝒚, 𝟖𝟖𝒙𝒙 − 𝟔𝟔𝟔𝟔𝒚𝒚)  

𝑳𝑳 �
𝒙𝒙
𝒚𝒚� = �𝟐𝟐𝟐𝟐 𝟏𝟏𝟏𝟏

𝟖𝟖 −𝟔𝟔𝟔𝟔��
𝒙𝒙
𝒚𝒚� 

 

d. 𝑳𝑳(𝒙𝒙,𝒚𝒚) = (𝝅𝝅𝝅𝝅− 𝒚𝒚,−𝟐𝟐𝒙𝒙 + 𝟑𝟑𝒚𝒚)  

𝑳𝑳 �
𝒙𝒙
𝒚𝒚� = � 𝝅𝝅 −𝟏𝟏

−𝟐𝟐 𝟑𝟑 ��
𝒙𝒙
𝒚𝒚� 
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e. 𝑳𝑳(𝒙𝒙,𝒚𝒚) = (𝟏𝟏𝟏𝟏𝒙𝒙,𝟏𝟏𝟏𝟏𝟏𝟏𝒙𝒙)  

𝑳𝑳 �
𝒙𝒙
𝒚𝒚� = � 𝟏𝟏𝟏𝟏 𝟎𝟎

𝟏𝟏𝟏𝟏𝟏𝟏 𝟎𝟎��
𝒙𝒙
𝒚𝒚� 

 

f. 𝑳𝑳(𝒙𝒙,𝒚𝒚) = (𝟐𝟐𝒚𝒚, 𝟕𝟕𝒙𝒙)   

𝑳𝑳 �
𝒙𝒙
𝒚𝒚� = �𝟎𝟎 𝟐𝟐

𝟕𝟕 𝟎𝟎� �
𝒙𝒙
𝒚𝒚� 

 

6. Identify whether or not the following transformations have the geometric effect of rotation only, dilation only,  
rotation and dilation only, or none of these. 

a. 𝐋𝐋 �
𝐱𝐱
𝐲𝐲� = �𝟑𝟑 −𝟐𝟐

𝟒𝟒 −𝟓𝟓� �
𝐱𝐱
𝐲𝐲� 

The matrix �𝟑𝟑 −𝟐𝟐
𝟒𝟒 −𝟓𝟓� cannot be written in the form �𝒂𝒂 −𝒃𝒃

𝒃𝒃 𝒂𝒂 � because 𝟑𝟑 ≠ −𝟓𝟓, so this is neither a rotation nor 

a dilation.  The transformation 𝑳𝑳 is not one of the specified types of transformations. 

 

b. 𝐋𝐋 �
𝐱𝐱
𝐲𝐲� = �𝟒𝟒𝟒𝟒 𝟎𝟎

𝟎𝟎 𝟒𝟒𝟒𝟒� �
𝐱𝐱
𝐲𝐲� 

This transformation has the geometric effect of dilation by a scale factor of 𝟒𝟒𝟒𝟒. 

 

c. 𝐋𝐋 �
𝐱𝐱
𝐲𝐲� = �−𝟒𝟒 −𝟐𝟐

𝟐𝟐 −𝟒𝟒��
𝐱𝐱
𝐲𝐲� 

The matrix �−𝟒𝟒 −𝟐𝟐
𝟐𝟐 −𝟒𝟒� has the form �𝒂𝒂 −𝒃𝒃

𝒃𝒃 𝒂𝒂 � with 𝒂𝒂 = −𝟒𝟒 and 𝒃𝒃 = 𝟐𝟐.  Therefore, this transformation has 

the geometric effect of rotation and dilation.  

 

d. 𝐋𝐋 �
𝐱𝐱
𝐲𝐲� = � 𝟓𝟓 −𝟏𝟏

−𝟏𝟏 𝟓𝟓 ��
𝐱𝐱
𝐲𝐲� 

The matrix � 𝟓𝟓 −𝟏𝟏
−𝟏𝟏 𝟓𝟓 � cannot be written in the form �𝒂𝒂 −𝒃𝒃

𝒃𝒃 𝒂𝒂 � because −𝟏𝟏 ≠ −(−𝟏𝟏), so this is neither a 

rotation nor a dilation.  The transformation 𝑳𝑳 is not one of the specified types of transformations. 

 

e. 𝐋𝐋 �
𝐱𝐱
𝐲𝐲� = �−𝟕𝟕 𝟏𝟏

𝟏𝟏 𝟕𝟕� �
𝐱𝐱
𝐲𝐲� 

The matrix �−𝟕𝟕 𝟏𝟏
𝟏𝟏 𝟕𝟕� cannot be written in the form �𝒂𝒂 −𝒃𝒃

𝒃𝒃 𝒂𝒂 � because −𝟕𝟕 ≠ 𝟕𝟕, so this is neither a rotation nor 

a dilation.  The transformation 𝑳𝑳 is not one of the specified types of transformations. 

 

f. 𝐋𝐋 �
𝐱𝐱
𝐲𝐲� = �𝟎𝟎 −𝟐𝟐

𝟐𝟐 𝟎𝟎 � �
𝐱𝐱
𝐲𝐲� 

We see that �𝟎𝟎 −𝟐𝟐
𝟐𝟐 𝟎𝟎 � = �

𝐜𝐜𝐜𝐜𝐜𝐜 �𝝅𝝅𝟐𝟐� −√𝟐𝟐 𝐬𝐬𝐬𝐬𝐬𝐬 �𝝅𝝅𝟐𝟐�

√𝟐𝟐 𝐬𝐬𝐬𝐬𝐬𝐬 �𝝅𝝅𝟐𝟐� 𝐜𝐜𝐜𝐜𝐜𝐜 �𝝅𝝅𝟐𝟐�
�, so this transformation has the geometric effect of 

dilation by √𝟐𝟐 and rotation by 
𝝅𝝅
𝟐𝟐

. 

 

7. Create a matrix representation of a linear transformation that has the specified geometric effect. 

a. Dilation by a factor of 𝟒𝟒 and no rotation. 

𝑳𝑳 �
𝒙𝒙
𝒚𝒚� = �𝟒𝟒 𝟎𝟎

𝟎𝟎 𝟒𝟒� �
𝒙𝒙
𝒚𝒚� 
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b. Rotation by 𝟏𝟏𝟏𝟏𝟏𝟏° and no dilation. 

𝑳𝑳 �
𝒙𝒙
𝒚𝒚� = �𝐜𝐜𝐜𝐜𝐜𝐜

(𝟏𝟏𝟏𝟏𝟏𝟏°) −𝐬𝐬𝐬𝐬𝐬𝐬(𝟏𝟏𝟏𝟏𝟏𝟏°)
𝐬𝐬𝐬𝐬𝐬𝐬(𝟏𝟏𝟏𝟏𝟏𝟏°) 𝐜𝐜𝐜𝐜𝐜𝐜(𝟏𝟏𝟏𝟏𝟏𝟏°) � �

𝒙𝒙
𝒚𝒚� 

= �−𝟏𝟏 𝟎𝟎
𝟎𝟎 −𝟏𝟏��

𝒙𝒙
𝒚𝒚� 

 

c. Rotation by –𝝅𝝅𝟐𝟐  𝐫𝐫𝐫𝐫𝐫𝐫 and dilation by a scale factor of 𝟑𝟑. 

𝑳𝑳 �
𝒙𝒙
𝒚𝒚� = �

𝟑𝟑 𝐜𝐜𝐜𝐜𝐜𝐜 �−
𝝅𝝅
𝟐𝟐
� −𝟑𝟑 𝐬𝐬𝐬𝐬𝐬𝐬�−

𝝅𝝅
𝟐𝟐
�

𝟑𝟑 𝐬𝐬𝐬𝐬𝐬𝐬�−
𝝅𝝅
𝟐𝟐
� 𝟑𝟑 𝐜𝐜𝐜𝐜𝐜𝐜 �−

𝝅𝝅
𝟐𝟐
�
��

𝒙𝒙
𝒚𝒚� 

= � 𝟎𝟎 𝟑𝟑
−𝟑𝟑 𝟎𝟎��

𝒙𝒙
𝒚𝒚� 

 

d. Rotation by 𝟑𝟑𝟑𝟑° and dilation by a scale factor of 𝟒𝟒. 

𝑳𝑳 �
𝒙𝒙
𝒚𝒚� = �𝟒𝟒 𝐜𝐜𝐜𝐜𝐜𝐜

(𝟑𝟑𝟑𝟑°) −𝟒𝟒 𝐬𝐬𝐬𝐬𝐬𝐬(𝟑𝟑𝟑𝟑°)
𝟒𝟒 𝐬𝐬𝐬𝐬𝐬𝐬(𝟑𝟑𝟑𝟑°) 𝟒𝟒 𝐜𝐜𝐜𝐜𝐜𝐜(𝟑𝟑𝟑𝟑°) � �

𝒙𝒙
𝒚𝒚� 

= �𝟐𝟐√𝟑𝟑 −𝟐𝟐
𝟐𝟐 𝟐𝟐√𝟑𝟑

��
𝒙𝒙
𝒚𝒚� 

 

8. Identify the geometric effect of the following transformations.  Justify your answer. 

a. 𝐋𝐋 �
𝐱𝐱
𝐲𝐲� = �

−
�𝟐𝟐
𝟐𝟐 −

�𝟐𝟐
𝟐𝟐

�𝟐𝟐
𝟐𝟐 −

�𝟐𝟐
𝟐𝟐

��
𝐱𝐱
𝐲𝐲� 

Since 𝐜𝐜𝐜𝐜𝐜𝐜 �𝟑𝟑𝟑𝟑𝟒𝟒 � = −
�𝟐𝟐
𝟐𝟐  and 𝐬𝐬𝐬𝐬𝐬𝐬 �𝟑𝟑𝟑𝟑𝟒𝟒 � =

�𝟐𝟐
𝟐𝟐 , this transformation has the form 

𝑳𝑳 �
𝒙𝒙
𝒚𝒚� = �

𝐜𝐜𝐜𝐜𝐜𝐜 �𝟑𝟑𝟑𝟑𝟒𝟒 � −𝐬𝐬𝐬𝐬𝐬𝐬 �𝟑𝟑𝟑𝟑𝟒𝟒 �

𝐬𝐬𝐬𝐬𝐬𝐬 �𝟑𝟑𝟑𝟑𝟒𝟒 � 𝐜𝐜𝐜𝐜𝐜𝐜 �𝟑𝟑𝟑𝟑𝟒𝟒 �
��

𝒙𝒙
𝒚𝒚�, and thus represents counterclockwise rotation by 

𝟑𝟑𝟑𝟑
𝟒𝟒

 with no dilation. 

 

b. 𝐋𝐋 �
𝐱𝐱
𝐲𝐲� = �𝟎𝟎 −𝟓𝟓

𝟓𝟓 𝟎𝟎 � �
𝐱𝐱
𝐲𝐲� 

Since 𝐜𝐜𝐜𝐜𝐜𝐜 �𝝅𝝅𝟐𝟐� = 𝟎𝟎 and 𝐬𝐬𝐬𝐬𝐬𝐬 �𝝅𝝅𝟐𝟐� = 𝟏𝟏, this transformation has the form 𝑳𝑳 �
𝒙𝒙
𝒚𝒚� = �

𝟓𝟓 𝐜𝐜𝐜𝐜𝐜𝐜 �𝝅𝝅𝟐𝟐� −𝟓𝟓 𝐬𝐬𝐬𝐬𝐬𝐬 �𝝅𝝅𝟐𝟐�

𝟓𝟓 𝐬𝐬𝐬𝐬𝐬𝐬 �𝝅𝝅𝟐𝟐� 𝟓𝟓 𝐜𝐜𝐜𝐜𝐜𝐜 �𝝅𝝅𝟐𝟐�
��

𝒙𝒙
𝒚𝒚�, 

and thus represents counterclockwise rotation by 
𝝅𝝅
𝟐𝟐

 and dilation by a scale factor 𝟓𝟓. 

 

c. 𝐋𝐋 �
𝐱𝐱
𝐲𝐲� = �−𝟏𝟏𝟏𝟏 𝟎𝟎

𝟎𝟎 −𝟏𝟏𝟏𝟏��
𝐱𝐱
𝐲𝐲� 

Since 𝐜𝐜𝐜𝐜𝐜𝐜(𝝅𝝅) = −𝟏𝟏 and 𝐬𝐬𝐬𝐬𝐬𝐬(𝝅𝝅) = 𝟎𝟎, this transformation has the form 

𝑳𝑳 �
𝒙𝒙
𝒚𝒚� = �𝟏𝟏𝟏𝟏 𝐜𝐜𝐜𝐜𝐜𝐜(𝝅𝝅) −𝟏𝟏𝟏𝟏 𝐬𝐬𝐬𝐬𝐬𝐬(𝝅𝝅)

𝟏𝟏𝟏𝟏 𝐬𝐬𝐬𝐬𝐬𝐬(𝝅𝝅) 𝟏𝟏𝟏𝟏 𝐜𝐜𝐜𝐜𝐜𝐜(𝝅𝝅) � �
𝒙𝒙
𝒚𝒚�, and thus represents counterclockwise rotation by 𝝅𝝅 and dilation by a 

scale factor 𝟏𝟏𝟏𝟏. 
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d. 𝐋𝐋 �
𝐱𝐱
𝐲𝐲� = � 𝟔𝟔 𝟔𝟔√𝟑𝟑

−𝟔𝟔√𝟑𝟑 𝟔𝟔
��
𝐱𝐱
𝐲𝐲� 

Since 𝐜𝐜𝐜𝐜𝐜𝐜 �𝟓𝟓𝟓𝟓𝟑𝟑 � = 𝟏𝟏
𝟐𝟐 and 𝐬𝐬𝐬𝐬𝐬𝐬 �𝟓𝟓𝝅𝝅𝟑𝟑 � = −

�𝟑𝟑
𝟐𝟐 , this transformation has the form 

𝑳𝑳 �
𝒙𝒙
𝒚𝒚� = �

𝟏𝟏𝟏𝟏 𝐜𝐜𝐜𝐜𝐜𝐜 �𝟓𝟓𝟓𝟓𝟑𝟑 � −𝟏𝟏𝟏𝟏 𝐬𝐬𝐬𝐬𝐬𝐬�𝟓𝟓𝟓𝟓𝟑𝟑 �

𝟏𝟏𝟏𝟏 𝐬𝐬𝐬𝐬𝐬𝐬�𝟓𝟓𝟓𝟓𝟑𝟑 � 𝟏𝟏𝟏𝟏 𝐜𝐜𝐜𝐜𝐜𝐜 �𝟓𝟓𝟓𝟓𝟑𝟑 �
��

𝒙𝒙
𝒚𝒚�, and thus represents counterclockwise rotation by 

𝟓𝟓𝟓𝟓
𝟑𝟑

 and 

dilation with scale factor 𝟏𝟏𝟏𝟏.  
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