NYS COMMON CORE MATHEMATICS CURRICULUM Lesson 7 m 0

PRECALCULUS AND ADVANCED TOPICS

Lesson 7: Complex Number Division

Student Outcomes
= Students determine the multiplicative inverse of a complex number.

=  Students determine the conjugate of a complex number.

Lesson Notes

This is the first day of a two-day lesson on complex number division and applying this knowledge to further questions
about linearity. In this lesson, students find the multiplicative inverse of a complex number. Students see the
connection between the conjugate of a complex number and its multiplicative inverse. This sets the stage for our study
of complex number division in Lesson 8.

Classwork
Opening Exercise (5 minutes)

To get ready for our work in this lesson, we will review complex number operations that students have previously
studied in Algebra Il, as well as a + bi form. For our work in Lessons 7 and 8, students need to understand the real and
imaginary components of complex numbers.

Opening Exercise

Perform the indicated operations. Write your answer in a + bi form. Identify the real part of your answer and the
imaginary part of your answer.

a.  (2+3)+(—7—4D)

—5 — i, =5 isreal, and —i is imaginary.

b, i2(—4i)

41i, there is no real component, and 4i is imaginary.

¢ 3i—(-2+5i)

2 — 2i, 2 isreal, and —2i is imaginary.

d. (3—20)(-7+4i)

—13 + 26i, —13 is real, and 26i is imaginary.

e.  (—4—5i)(—4+50)

41, 41 is real, and there is no imaginary component.
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Discussion (5 minutes)

= In real number arithmetic, what is the multiplicative inverse of 5? .
Scaffolding:

° % = |f students do not see the
pattern, have them do a
few additional examples.
@ 5 (i) = 1, a number times its multiplicative inverse is always equal to 1. Find the multiplicative

inverses of —1 + 2i,
-2 —17i,3 + 10i, and

= How do you know? In other words, what is a multiplicative inverse?

= The role of the multiplicative inverse is to get back to the identity.

= Is there a multiplicative inverse of i? 4—i
Allow students to really think about this and discuss this among themselves. Then follow = To help students see the
with the question below. pattern of the

multiplicative inverse,
have them compare the

o % inverses of 2 + 3i, 2 — 3i,
—2+ 3i,and —2 — 3i.

= For advanced students,

o —ibecaqusei-—i=—(i?) = —(—1) = 1. Students could also mention have them work

i3 as a possibility. independently in pairs

through the examples and

exercises without leading

questions. Be sure to

check to make sure their

general formula is correct

before they begin the

exercises.

= Is there a complex number z suchthatz - i = 1?

) 1 .
= Canyou find another way to say ?? Explain your answer.

=  Intoday’s lesson, we will look further at the multiplicative inverse of complex
numbers.

Exercise 1 (2 minutes)

Exercises

1. What is the multiplicative inverse of 2i?

1111 1
20 21 2 VYT 2!

Example 1 (8 minutes)

Students were able to reason what the multiplicative inverse of i was in the Discussion, but the multiplicative inverse of
a complex number in the form of p + gqi is more difficult to find. In this example, students find the multiplicative inverse
of a complex number by multiplying by a complex number in general form and solving the resulting system of equations.
. Does 3 + 4i have a multiplicative inverse?
o Yes, -
3+41
= Isthere a complex number p + qi such that (3 + 4i)(p + qi) = 1?

o Students will have to think about this answer. Give them a couple of minutes, and then proceed with
the example.

= Let’s begin by expanding this binomial. What equation do you get?
o 3p+3ig+4ip+4ilg=1s03p+3ig+4ip—4q=1
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= Group the real terms and the complex terms, and rewrite the equation.
© GBp—-49)+Bg+4p)i=1
= Look at the right side of the equation. What do you notice?
o The number 1 is real, and there is no imaginary component.
=  What would the real terms have to be equal to? The imaginary terms?
o The real terms must equal 1, and the imaginary terms must equal 0.
= Set up that system of equations.
o 3p—4q=1and4p+3q =0

= Solve this system of equations for p and g.

o _ 3 4
P=39= 7%
. 1
= This suggests that vy =?
13
3 —4 3—-4i
e sl
25 25 25

= Does the product of 3 + 4i and 32_—54i equal 1? Confirm that they are multiplicative inverses by performing this
calculation. Check your work with a neighbor.
o Students should confirm that their result was correct.
Note: Students can use their prior knowledge of conjugates and radicals from Algebra Il for a simpler method of find the

inverse for Examples 1 and 2. If students see this connection, allow this, but be sure that students see the connection
and understand the math behind this concept.

Exercise 2 (3 minutes)

2.  Find the multiplicative inverse of 5 + 3i.

5-3i
34

Example 2 (8 minutes)

In Example 2, students look at patterns between the complex numbers and their multiplicative inverses from Example 1
and Exercise 2 and then find the general formula for the multiplicative inverse of any number.

= Without doing any work, can you tell me what the multiplicative inverse of 3 — 4i and 5 — 3i would be?

3+4i 5+3i
—and ——

25 34
m = Explain to your neighbor in words how to find the multiplicative inverse of a complex number.

o Change the sign between the real and imaginary terms, and then divide by the sum of the square of the
coefficients of each term.

= Ifz = a+ bi, do you remember the name of Z = a — bi from Algebra II?

o The conjugate.
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= Let’s develop a general formula for the multiplicative inverse of any number of the form z = a + bi. Using
what we did earlier in this example, what might we do?

®  Multiply by another complex number (p + qi), and set the product equal to 1.
= Solve (a + bi)(p + qi) = 1. Show each step, and explain your work to your neighbor.
°  ap+aqi+ bpi+bqi* =1 Expand the binomial.
o ap+aqi+bpi—bg=1 Simplify the equation.
© agp—bg=1landag+bp=0 Set the real terms equal to 1 and the imaginary terms equal to 0.

a b .
° PE andq = — prayY Solve the system of equations for p and q.
= What is the general formula of the multiplicative inverse of z = a + bi?
a -b . a—bi
: a?+b? + 2wz O e

= Does this agree with what you discovered earlier in the example?
o Yes.
= Explain how to find the multiplicative inverse of a complex number using the term conjugate.

o To find the multiplicative inverse of a complex number, a + bi, take the conjugate of the number and
divide by a® + b>.

Exercises 3—7 (6 minutes)

In these exercises, students practice using the general formula for finding the multiplicative inverse of a number. The
goal is to show students that this formula works for all numbers, real or complex.

State the conjugate of each number, and then using the general formula for the multiplicative inverse of z = a + bi, find
the multiplicative inverse.

3. 3+4i
3 g 374 _3-4i
Y3232 25
4. 7-2i

7-(-2)i _7+2i

7420 =~
to (2 53

0-—1i —i

_l’-m:T:—l
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7. Showthata=-1++3iandb =2 satisfyﬁlb = %+%.
Finding a common denominator of the right
side, and then simplifying:
e 1 _ 1
a b —1+3i 2 a+b —1++3i+2
@1 (-1++3i)-1 __ 1
HOMET:HE] 1+3i
. 1+443i
T 2(-1+30)
_ 1+V3i 1-43i
T 2(-1+3i) 13
a 1-3i?
2(—-1++3i+3i-3i2)
3 1+3
2(-1+2v3i+3)
B 4
2(2+2V3i)
B 4
~4(1+3i)
1
T 1++3i

The two expressions are equal for the given values of a and b.

Closing (3 minutes)
Allow students to think about the questions below in pairs, and then pull the class together to wrap up the discussion.

= Was it necessary to use the formula for Exercise 6? Explain.
o No, the number 2 is a real number, so the multiplicative inverse was its reciprocal.

=  Look at Exercises 3—6. What patterns did you discover in the formats of the real and complex numbers and
their multiplicative inverses?

©  For any complex number z = a + bi, the multiplicative inverse has the format :Z_TIZZ when simplified.

o This formula works for real and complex numbers, but for real numbers it is easier just to find the
reciprocal.

Exit Ticket (5 minutes)

Lesson 7: Complex Number Division n
CQMMON | o e engage™ =

© 2014 Common Core, Inc. Some rights reserved. commoncore.or; (9) BY-NC-SA This work s licensed under a
2 Inc. 8! g -0Tg ( ) Creative Commons Attribution-NonCommercial-ShareAlike 3.0 Unported License.



http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

NYS COMMON CORE MATHEMATICS CURRICULUM Lesson 7 m 0

PRECALCULUS AND ADVANCED TOPICS

Name Date

Lesson 7: Complex Number Division

Exit Ticket

1. Find the multiplicative inverse of 3 — 2i. Verify that your solution is correct by confirming that the product of
3 — 2i and its multiplicative inverse is 1.

2. What is the conjugate of 3 — 2i?
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Exit Ticket Sample Solutions

1.  Find the multiplicative inverse of 3 — 2i. Verify that your solution is correct by confirming that the product of
3 — 2i and its multiplicative inverse is 1.

If a + bi is the multiplicative inverse of 3 — 2i, then
(3—2i)(a+bi) =1+0i(3—2i)(a+ bi)
3a+ 3bi— 2ai—2bi> =1+ 0i
3a+3bi—2ai+2b=1+0i.
3a+2b=1and (3b — 2a)i = 0i,s03b —2a = 0.

_ 3, 2 L . 3+2i
a=qz b= 13 50 the multiplicative inverse a + bi = 3

, , , 2
Verification: (3—2i)(13—3+12—;):i+ﬂ—2—i_ 9 4

2.  What s the conjugate of 3 — 2i?

3+2i

Problem Set Sample Solutions

Problems 1 and 2 are easy entry problems that allow students to practice operations on complex numbers and the
algebra involved in such operations, including solving systems of equations. These problems also reinforce that complex
numbers have a real component and an imaginary component. Problem 3 is more difficult. Most students should
attempt part (a), but part (b) is optional and sets the stage for the next lesson. All skills practiced in this Problem Set are
essential for success in Lesson 8.

1. State the conjugate of each complex number. Then find the multiplicative inverse of each number, and verify by
multiplying by a + bi and solving a system of equations.

a. —5i
5i is the conjugate.
—5i(a+bi)=1
—5ai-5bi% =1
—5ai+5b=1
—5a=0,5b=1

—()b—1
a=0b=y

0+ %i = %i is the multiplicative inverse.
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b. 5-—+3i
(5 + V3i) is the conjugate.
(5-+V3i)(a+bi) =1
5a + 5bi —V3ai—V3bi* =1
5a+ 5bi—V3ai+V3b=1

5a++3b=1,5b—+3a=0

5 V3

a=35P=2g

5+v3i
28

is the multiplicative inverse.

of numbers of the form z = a + bi.
i3

2i
D+ (22 = 5 = 5735 is the multiplicative inverse.

e. 4 —3i
44 3i _4+3i_4+3i
(4)2+(=3)2° 25 ~ 25 25

is the multiplicative inverse.

2.  Find the multiplicative inverse of each number, and verify using the general formula to find multiplicative inverses

a. 1A
B=—i=0-i
O (Wi & _
02+(_1)2—1—ll5 e muitiplicative inverse.
1
b. 3
1—1+0
3 3"
%—Oi % 19
N =1= 31 = 3 is the multiplicative inverse.
(3) +o 3
3—i
c. 7
V3-i V3 -1
4 42!
V3 -1\, V3,1. V3+i V3+i
T-(F) iy z_ _V3+i4 . e
e . =3 1= 4 =1 =4 -I=\/§+us the multiplicative inverse.
N A N N & 1
<T> +(7) 16716 16 1
d 1+2i
1-2i 1-2i
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f. 2+3i
2-3i _2—3i 2 3i th finlicati
@71 (<37 13 B 13 is the multiplicative inverse.
8. —5—4i
—5+4i 5+ 4i 5+4' th tiolicatl
et (caE a1 - #mim is the multiplicative inverse.
h. -3+2i
-3-2i -3-2i 3 2 th finlicati
31 @F 13 "B 13 is the multiplicative inverse.
i VZ+i
V2 -i V2-i V2 i, o
3 = 3 = 373 is the multiplicative inverse.
V2)" + )2
i 3-v2-i
3+V2i _3+v2i_ 3 V2i,
— + —— is the multiplicative inverse.
3)2+ (\/_) 11 11 11
k. V5+v3-i
V5 —3i V5-+3i V5 V3i
3 z= 3 = B 8 is the multiplicative inverse.
(V5)" +(~v3)
3. Givenz; =1+iandz, =2 + 3i.
a. Let w = z, - z,. Find w and the multiplicative inverse of w.
w=(1+1i)(2+3i)=—-1+5i.
T1o5t_ 1 5 the multiplicati
1725 - 26 26 is the multiplicative inverse.
b. Show that the multiplicative inverse of w is the same as the product of the multiplicative inverses of z;
and z,.
1452 s e muttiplicative i
zZ, = 1,1 1 2 is the multiplicative inverse.
— 243523 23 e mubtiplicative i
zZ, = i; 219 - 13 is the multiplicative inverse.
_(1—i>(2—3i>
= 13
_2-3i—-2i-3
B 26
_—1-5i
T 26
1 5i
26 26
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