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[@] Lesson 2: Properties of Area

Student Outcomes
=  Students understand properties of area:

1. Students understand that the area of a set in the plane is a number greater than or equal to zero that
measures the size of the set and not the shape.

2. The area of a rectangle is given by the formula length X width. The area of a triangle is given by the
formula % X base X height. A polygonal region is the union of finitely many non-overlapping triangular
regions; its area is the sum of the areas of the triangles.

Congruent regions have the same area.
4. The area of the union of two regions is the sum of the areas minus the area of the intersection.

The area of the difference of two regions, where one is contained in the other, is the difference of the
areas.

Lesson Notes

In this lesson, we make precise what we mean about area and the properties of area. We already know the area
formulas for rectangles and triangles; this will be our starting point. In fact, the basic definition of area and most of the
area properties listed in the student outcomes above were first explored by students in third grade (3.MD.C.3

3.MD.C.6, 3.MD.C.7). Since their introduction, students have had continuous exposure to these properties in a variety
of situations involving triangles, circles, etc. (4.MD.A.2, 5.NF.B.4b, 6.G.A.1, 6.G.A.4). It is the goal of this lesson to state
the properties learned in earlier grades explicitly. In that sense, this lesson is a summative experience for students
rather than an introductory experience. Furthermore, the review is preparatory to the exploration of volume, which will
come later. The examination will allow us to show the parallels between area and volume more explicitly, which helps
set the stage for understanding why volume formulas for cylinders, pyramids, and cones work and, consequently, the
application of each of those formulas (G-GMD.A.1, G-GMD.A.3).

If these facts seem brand new to students, please refer to the following lessons:
e Property 1, Grade 3, Module 4, Lessons 1-4

e Property 2, Grade 3, Module 4, Topic B focuses on rectangles. Triangles are not studied in Grade 3, Module 4,
but there is practice decomposing regions into rectangles and adding up areas of smaller rectangles in Lesson
13. Introduction of length X width happens in Grade 4, Module 3, Lesson 1.

e Property 3, though not addressed explicitly, is observed in Grade 3, Module 4, Lesson 5, Problem 1(a) and 1(c).
e Property 4, Grade 3, Module 4, Lesson 13
e Property 5, Grade 3, Module 4, Lesson 13, Problem 3

This lesson does cover some new material. We introduce some notation for set operations for regions in the plane:
specific notation related to a union of two regions, U; an intersection of two regions, N; and a subset of a region C.
Students begin by exploring the properties of area, which are then solidified in a whole-class discussion.
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This treatment of area and area properties in this lesson is usually referred to as Jordan measure by mathematicians. It
is part of the underlying theory of area needed by students for learning integral calculus. While it is not necessary to
bring up this term with your students, we encourage you to read up on it by searching for it on the Internet (the brave of
heart might find Terence Tao’s online book on measure theory fascinating, even if it is just to ponder the questions he
poses in the opening to Chapter 1).

If more time is needed for students to relate their previous experience working with area with these explicit properties,
consider splitting the lesson over two days. This means a readjustment of pacing so as not to address all five properties
in one day.

Classwork
Exploratory Challenge/Exercises 1-4 (15 minutes)

The exercises below relate to the properties of area that students know; these exercises facilitate the conversation
around the formal language of the properties in the following Discussion. The exercises are meant to be quick; divide
the class into groups so that each group works on a separate problem. Then have each group present their work.

Exploratory Challenge/Exercises 1-4
1. Two congruent triangles are shown below.
8.4
-
12.6
a. Calculate the area of each triangle.
1
2 (12.6)(8.4) = 52.92
b. Circle the transformations that, if applied to the first triangle, would always result in a new triangle with the
same area:
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3. Two triangles A ABC and A DEF are shown below. The two triangles overlap forming A DGC.

Explain your answer to part (b).

Two congruent figures have equal area. If two figures are congruent, it means that there exists a
transformation that maps one figure onto the other completely. For this reason, it makes sense that they
would have equal area because the figures would cover the exact same region.

Calculate the area of the shaded figure below.

2 (%) (3)(3) =9
7(3) = 21

The area of the figure is 9 + 21 = 30.

Explain how you determined the area of the figure.

First, | realized that the two shapes at the ends of the figure were triangles with a base of 3 and a height of 3
and the shape in the middle was a rectangle with dimensions 3 X 7. To find the area of the shaded figure, |
found the sum of all three shapes.

B

1

i

The base of figure ABGEF is comprised of segments of the following lengths: AD = 4, DC = 3, and CF = 2.
Calculate the area of the figure ABGEF.

The area of A ABC: %(4-)(7) =14
The area of A DEF: %(2)(5) =5

The area of A DGC: %(0. 9)(3) = 1.35

The area of figure ABGEF is 14 + 5 — 1.35 = 17.65.
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b. Explain how you determined the area of the figure.

Since the area of A DGC is counted twice, it needs to be subtracted from the sum of the overlapping triangles.

4. A rectangle with dimensions 21. 6 X 12 has a right triangle with a base 9. 6 and a height of 7. 2 cut out of the
rectangle.

21.6

12

a. Find the area of the shaded region.

The area of the rectangle: (12)(21.6) = 259.2

The area of the triangle: % (7.2)(9.6) = 34.56

The area of the shaded region is 259.2 — 34.56 = 224. 64.

b. Explain how you determined the area of the shaded region.

I subtracted the area of the triangle from the area of the rectangle to determine the shaded region.

Discussion (20 minutes)

The Discussion formalizes the properties of area that students have been studying Property ; Example ! Inmyown
since Grade 3, debriefs the exercises in the Exploratory Challenge, and introduces set words
notation appropriate for discussing area. Have the properties displayed in a central
location as you refer to each one; and have students complete a foldable organizer on
an 8.5 X 11 in. sheet of paper like the example here, where they record each property,
and new set notation and definitions, as it is discussed.

. (Property 1) We describe area of a set in the plane as a number, greater
than or equal to zero, that measures the size of the set and not the shape.
How would you describe area in your own words?

Prompt students to think back to Lesson 1, where this question was asked and
reviewed as part of the Discussion.

o Area is a way of quantifying the size of a region without any reference to the shape of the region.
= (First half of Property 2) The area of a rectangle is given by the formula length X width. The area of a triangle
is given by the formula % X base X height. How can we use Exercise 1 to support this?
o The two congruent right triangles can be fitted together to form a rectangle with dimensions
12.6 X 8.4. These dimensions are the length and width, or base and height, of the rectangle.
o Since the two right triangles are congruent, each must have half the area of the entire rectangle or an

area described by the formula% X base X height.
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=  (Property 3) Notice that the congruent triangles in the Exercise 1 each have the same area as the other.

= (Second half of Property 2) We describe a polygonal region as the union of finitely many non-overlapping
triangular regions. The area of the polygonal region is the sum of the areas of the triangles. Let’s see what this
property has to do with Exercise 2.

= Explain how you calculated the area for the figure in Exercise 2.

Select students to share their strategies for calculating the area of the figure. Sample responses are noted in the
exercise. Most students will likely find the sum of the area of the rectangle and the area of the two triangles.

=  Would your answer be any different if we divided the rectangle into two congruent triangles?

Show the figure below. Provide time for students to check via calculation or discuss in pairs.

| | | |
| 3 | 7 | 3 |

!
1

o No, the area of the figure is the same whether we consider the middle portion of the figure as a
rectangle or two congruent triangles.

=  Triangular regions overlap if there is a point that lies in the interior of each. One way to find the area of such a
region is to split it into non-overlapping triangular regions and add the areas of the resulting triangular regions
as shown below. Figure 2 is the same region as Figure 1 but is one (of many) possible decomposition into non-
overlapping triangles.

Figure 1 Figure 2

=  This mode of determining area can be done for any polygonal region.

Provide time for students to informally verify this fact by drawing quadrilaterals and pentagons (ones that are not
regular) and showing that each is the union of triangles.

= (Property 4) The area of the union of two regions is the sum of the areas minus the area of the intersection.
Exercise 3 can be used to break down this property, particularly the terms union and intersection. How would
you describe these terms?

Take several responses from students; some may explain their calculation by identifying the overlapping region of the
two triangles as the intersection and the union as the region defined by the boundary of the two shapes. Then use the
points below to explicitly demonstrate each union and intersection and what they have to do with determining the area
of a region.
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= If A and B are regions in the plane, then A U B denotes the union of the two regions; that is, all points that lie in
A orin B, including points that lie in both A and B.

A I

= Notice that the area of the union of the two regions is not the sum of the areas of the two regions, which
would count the overlapping portion of the figure twice.

= If Aand B are regions in the plane, then A N B denotes the intersection of the
two regions; that is, all points that lie in both 4 and B. Scaffolding:
= As notation is introduced,
have students make a
A chart that includes the
name, symbol, and simple
drawing that represents

k each term.

= Consider posting a chart in
the classroom for students
to reference throughout
the module.

=  (Property 4) Use this notation to show that the area of the union of two regions is the sum of the areas minus
the area of the intersection.

o Area(A U B) = Area(A) + Area(B) — Area(A N B)

Discuss Property 4 in terms of two regions that coincide at a vertex or an edge. This elicits the idea that the area of a
segment must be 0, since there is nothing to subtract when regions overlap at a vertex or an edge.

Here is an optional proof:

Two squares S; and S, meet along a common edge 4B, or S; N S, = AB. B

Since §; U S, is a 2s X s rectangle, its area is 2s2. The area of each of the
squares is s2.

Since

Area(S; U S,) = Area(S;) + Area(S,) — Area(S; N S,)

we get . i 5
2s? = 5% + 5% — Area(4B).

Solving for Area(AB) shows that Area(AB) = 0.
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It is further worth mentioning that when we discuss the area of a triangle or rectangle (or mention the area of any
polygon as such), we really mean the area of the triangular region because the area of the triangle itself is zero since it is
the area of three line segments, each being zero.

=  (Property 5) The area of the difference of two regions where one is contained in the other is the difference of
the areas. In which exercise was one area contained in the other?

o Exercise 4

21.6

12

= If A is contained in B, or in other words is a subset of B, denoted as A € B, it means that all of the pointsin A
are also points in B.

A

= What does Property 5 have to do with Exercise 4?

o In Exercise 4, all the points of the triangle are also points in the rectangle. That is why the area of the
shaded region is the difference of the areas.

= (Property 5) Use set notation to state Property 5: The area of the difference of two regions where one is
contained in the other is the difference of the areas.

o When A € B, then Area(B — A) = Area(B) — Area(4) is the difference of the areas.

A
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Closing (5 minutes)

Have students review the properties in partners. Ask them to paraphrase each one and to review the relevant set
notation and possibly create a simple drawing that helps illustrate each property. Select students to share their
paraphrased versions of the properties with the whole class.

1. Students understand that the area of a set in the plane is a number, greater than or equal to zero, that
measures the size of the set and not the shape.

2. The area of a rectangle is given by the formula length X width. The area of a triangle is given by the
formula % X base X height. A polygonal region is the union of finitely many non-overlapping triangular
regions and has area the sum of the areas of the triangles.

Congruent regions have the same area.
4. The area of the union of two regions is the sum of the areas minus the area of the intersection.

The area of the difference of two regions where one is contained in the other is the difference of the areas.

Lesson Summary

SET (description): A set is a well-defined collection of objects. These objects are called elements or members of the
set.

SUBSET: A set A is a subset of a set B if every element of A is also an element of B. The notation A C B indicates
that the set A is a subset of set B.

UNION: The union of A and B is the set of all objects that are either elements of 4 or of B, or of both. The union is
denoted A U B.

INTERSECTION: The intersection of A and B is the set of all objects that are elements of 4 and also elements of B. The
intersection is denoted A N B.

Exit Ticket (5 minutes)
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Name Date

Lesson 2: Properties of Area

Exit Ticket

1. Wood pieces in the following shapes and sizes are nailed together in order to create a sign in the shape of an arrow.
The pieces are nailed together so that the rectangular piece overlaps with the triangular piece by 4 in. What is the
area of the region in the shape of the arrow?

2 ft.
16 in.

13in. arrow-shaped sign

6in.

2. A quadrilateral Q is the union of two triangles T; and T, that meet along a common side as shown in the diagram.
Explain why Area(Q) = Area(T,) + Area(T,).
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Exit Ticket Sample Solutions

1. Wooden pieces in the following shapes and sizes are nailed together in order to create a sign in the shape of an
arrow. The pieces are nailed together so that the rectangular piece overlaps with the triangular piece by 4 in. What
is the area of the region in the shape of the arrow?

21

] arrow-shaped sign
13in.

Area(Arrow) = Area(Rectangle) + Area(Triangle) — Area(Overlap)

Area(Arrow) = 144 + 104 — 24
Area(Arrow) = 224

The area of the region in the shape of the arrow is 224 in?. 20 in.

2. A quadrilateral @ is the union of two triangles T; and T, that meet along a common side as shown in the diagram.
Explain why Area(Q) = Area(T,) + Area(T,).

Q =T, UT,, so Area(Q) = Area(T,) + Area(T,) — Area(T,NT,).
Since T{NT, is a line segment, the area of T{NT is 0.

Area(T,) + Area(T,) — Area(T;NT,) = Area(T,) + Area(T,) — 0
Area(T,) + Area(T,) — Area(T,; N T,) = Area(T,) + Area(T,)

Problem Set Sample Solutions

1. Two squares with side length 5 meet at a vertex and together with
segment AB form a triangle with base 6 as shown. Find the area of ,Q\

the shaded region. 5 5
The altitude of the isosceles triangle splits it into two right triangles, \
each having a base of 3 units in length and hypotenuse of 5 units in -
length. By the Pythagorean theorem, the height of the triangles must < /
be 4 units in length. The area of the isosceles triangle is 12 square 4

units. Since the squares and the triangle share sides only, the sum of A 6 B

their areas is the area of the total figure. The areas of the square

regions are each 25 square units, making the total area of

the shaded region 62 square units.

ES#EMON over 10z engage ny 5

© 2014 Common Core, Inc. Some rights reserved. commoncore.or; (9) BY-NC-SA This work s licensed under a
2 Inc. 8! g -0Tg _( Creative Commons Attribution-NonCommercial-ShareAlike 3.0 Unported License.



http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

NYS COMMON CORE MATHEMATICS CURRICULUM Lesson 2 - 0

GEOMETRY

2. Iftwo 2 X 2 square regions S; and S, meet at midpoints of sides as shown,
find the area of the square region, S; U S,.

The area of S; NS, = 1 because itis a 1 X 1 square region.
Area(S;) = Area(s,) = 4.

By Property 3, theareaof S;US, =4 +4—-1=7.

3.  The figure shown is composed of a semicircle and a non-overlapping
equilateral triangle, and contains a hole that is also composed of a
semicircle and a non-overlapping equilateral triangle. If the radius of the

1
larger semicircle is 8, and the radius of the smaller semicircle is 5 that of

the larger semicircle, find the area of the figure. A -B c- ‘D

The area of the large semicircle: Area = %n- 82 =32

3

The area of the smaller semicircle: Area = 5 I

Q) -

The area of the large equilateral triangle: Area = % 8-4V3 =16V3

The area of the smaller equilateral triangle: Area = % . g . %\/5 = % V3

Total Area:

32 16
Total area = 32n—?n+ 163 — ?\/5

256 128
Total area = Tn + o5 3=114

The area of the figure is approximately 142.

4. Two square regions A and B each have Area(8). One vertex of square B is
the center point of square A. Can you find theareaof AUBandANB
without any further information? What are the possible areas?

Rotating the shaded area about the center point of square A by a quarter turn
three times gives four congruent non-overlapping regions. Each region must
have area one-fourth the area of the square. So, the shaded region has
Area(2).

Area(AUB)=8+8-2=14
Area(AnB) =2
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5.  Four congruent right triangles with leg lengths a and b and hypotenuse length c are used to enclose the green
region in Figure 1 with a square and then are rearranged inside the square leaving the green region in Figure 2.
a b a b
) \ u
h b
o ¢
b a b a
Figure 1 Figure 2
a. Use Property 4 to explain why the green region in Figure 1 has the same area as the green region in Figure 2.

The white polygonal regions in each figure have the same area, so the green region (difference of the big
square and the four triangles) has the same area in each figure.

b. Show that the green region in Figure 1 is a square and compute its area.

Each vertex of the green region is adjacent to the two acute angles in the congruent right triangles whose
sum is 90°. The adjacent angles also lie along a line (segment), so their sum must be 180°. By addition, it
follows that each vertex of the green region in Figure 1 has a degree measure of 90°. This shows that the
green region is at least a rectangle.

The green region was given as having side lengths of c, so together with having four right angles, the green
region must be a square.

c. Show that the green region in Figure 2 is the union of two non-overlapping squares and compute its area.

The congruent right triangles are rearranged such that their acute angles are adjacent, forming a right angle.
The angles are adjacent to an angle at a vertex of an a X a green region, and since the angles are all adjacent
along a line (segment), the angle in the green region must then be 90°. If the green region has four sides of
length a, and one angle is 90°, the remaining angles must also be 90°, and the region a square.

A similar argument shows that the green b X b region is also a square. Therefore, the green region in Figure
2 is the union of two non-overlapping squares. The area of the green region is then a® + b?.

d. How does this prove the Pythagorean theorem?

Because we showed the green regions in Figures 1 and 2 to be equal in area, the sum of the areas in Figure 2
being a* + b?, therefore, must be equal to the area of the green square region in Figure 1, c*. The lengths a,
b, and c were given as the two legs and hypotenuse of a right triangle, respectively, so the above line of
questions shows that the sum of the squares of the legs of a right triangle is equal to the square of the
hypotenuse.
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