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Lesson 6:  Euler’s Number, 

Student Outcomes
Students write an exponential function that represents the amount of water in a tank after seconds if the height of the water doubles every  seconds.
Students discover Euler’s number  by numerically approaching the constant for which the height of water in a tank equals the rate of change of the height of the water in the tank.
Students calculate the average rate of change of a function.

Lesson Notes
Leonhard Euler (pronounced “Oiler”), 1707–1783, was a prolific Swiss mathematician and physicist who made many important contributions to mathematics such as much of our modern terminology and notation, including function notation and popularizing the use of  to represent the circumference of a circle divided by its diameter.  Euler also discovered many properties of the irrational number , which is now known as Euler’s number.  Euler’s number naturally occurs in various applications, and a comparison can be made to , which also occurs naturally.  During the lesson, students determine an explicit expression for the height of water in a water tank from its context (F-BF.A.1a) and calculate the average rate of change over smaller and smaller intervals to create a sequence that converges to  
(F-IF.B.6).  It is important to stress that the water tank exploration is a way to define .  Yes it is remarkable, but when students discover it, the teacher’s reaction should not be “Ta da!  It’s magic!”  Instead, the teacher should stress that students have defined this special constant (similar to how  is defined as the ratio of any circle’s circumference to its diameter) that will be used extensively in the near future and occurs in many different applications.

Classwork 
Exercises 1–3 (8 minutes) 
In these exercises, students find exponential equations that model the increasing height of water in a cylindrical tank as it doubles over a fixed time interval.  These preliminary exercises will lead to the discovery of Euler’s number, , at the end of the lesson.  As a demonstration, show students the -second video in which the height of water in a tank doubles repeatedly until it fills the tank completely; note how long it takes for the height to appear to change at all.  Although this situation is contrived, it provides a good visual representation of the power of exponential growth.  This is a good time to discuss constraints and how quantities cannot realistically increase exponentially without bound due to physical constraints to the growth.  In this case, the water tank has a finite volume and there is only a finite amount of water on the planet.  For population growth, the main constraint is availability of such resources as food and land. 
After watching the video, students may work individually or in pairs.  Point out to the students that the growth shown in the video happened much more quickly than it will in the problems below, but the underlying concept is the same.  Students should be prepared to share their solutions with the class.  


Exercises 1–3
1. Assume that there is initially  of water in the tank and the height of the water doubles every  seconds.  Write an equation that could be used to calculate the height  of the water in the tank at any time. MP.4

The height of the water at time seconds can be modeled by .

2. How would the equation in Exercise 1 change if … 
a. The initial depth of water in the tank was ?

Scaffolding:
Struggling students can create a table of water depths to visualize the accumulation of water.  Since the doubling happens every  seconds, have them deduce the exponent by asking, “How many times would doubling occur in  seconds?  One minute?”
Time (s)
Depth (cm)










b. The initial depth of water in the tank was ?


c. The initial depth of water in the tank was ?


d. The initial depth of water in the tank was , for some positive real number?


3. How would the equation in Exercise 2, part (d) change if … 
a. The height tripled every ten seconds?


b. The height doubled every five seconds?MP.4



c. The height quadrupled every second?


d. The height halved every ten seconds?
 

Discussion (2 minutes)
Students have worked informally with the average rate of change of a function before in Modules 3 and 4 of Algebra I.  For the next examples, we will need the following definition.  Go through this definition and post it on the board or in another prominent place before beginning the next example.  Students will continue to work with the average rate of change of a function in the problem set. 
AVERAGE RATE OF CHANGE:  Given a function  whose domain contains the interval of real numbers  and whose range is a subset of the real numbers, the average rate of change on the interval  is defined by the number:
Example 1 (4 minutes)
Use this example to model the process of finding the average rate of change of the height of the water that is increasing according to one of the exponential functions in our hypothetical scenario.  The students will repeat this calculation in the exercises that follow.  The Student Materials contain the images below of the three water tanks, but not the accompanying formulas.

Example 1
1. Consider two identical water tanks, each of which begins with a height of water  and fills with water at a different rate.  Which equations can be used to calculate the height of water in each tank at time ?  Use  for 
tank 1 and  for tank 2.The height of the water in TANK 2 triples every second.
The height of the water in TANK 1 doubles every second.

		

a. If both tanks start filling at the same time, which one fills first?
Tank  will fill first because the level is rising more quickly.

b. We want to know the average rate of change of the height of the water in these tanks over an interval that starts at a fixed time  as they are filling up.  What is the formula for the average rate of change of a function  on an interval ?


c. What is the formula for the average rate of change of the function  on an interval ?


d. Let’s calculate the average rate of change of the function  on the interval, which is an interval one-tenth of asecond long starting at an unknown time .



So, the average rate of change of the height function is a multiple of the value of the function.  This means that the speed at which the height is changing at time depends on the depth of water at that time.  On average, over the interval , the water in tank 1 rises at a rate of approximately  centimeters per second.
Let’s say that at time  there is a height of  of water in the tank.  Then after one-tenth of a second, the height of the water would increase by .  But, if there is a height of  of water in the tank, after one-tenth of a second the height of the water would increase by .

Exercises 4–5 (10 minutes) 
Students will need to use calculators to compute the numerical constants in the exercises below. 

Exercises 4–8
1. For the second tank, calculate the average change in the height, , from time  seconds to  seconds.  Express the answer as a number times the value of the original function at time .  Explain the meaning of these findings.  

On average, over the time interval , the water in tank 2 rises at a rate of  approximately  centimeters per second.

For each tank, calculate the average change in height from time seconds to  seconds.  Express the answer as a number times the value of the original function at time .  Explain the meaning of these findings.  
Tank 1:

On average, over the time interval , the water in tank 1 rises at a rate of approximately  centimeters per second.
Tank 2: 

Over the time interval , the water in tank 2 rises at an average rate of approximately  centimeters per second. 

Exercises 6–8 (12 minutes) 
The following exercises will lead to discovery of the constant  that occurs naturally in many situations we can model mathematically.  Looking at the results of the previous three exercises, if the height of the water doubles, then the expression for the average rate of change contains a factor less than one.  If the height of the water triples, then the expression for the average rate of change contains a factor greater than one.  Under what conditions will the expression for the average rate of change contain a factor of exactly one?  Answering this question leads us to 

In Exercise 5, the average rate of change of the height of the water in tank 1 on the interval  can be described by the expression , and the average rate of change of the height of the water in tank 2 on the interval  can be described by the expression .  What are approximate values of  and ?
 and 


As an experiment, let’s look for a value of  so that if the height of the water can be described by , then the expression for the average of change on the interval  is .  
a. Write out the expression for the average rate of change of  on the interval .


b. Set your expression in part (a) equal to  and reduce to an expression involving a single .  




c. Now we want to find the value of that satisfies the equation you found in part (b), but we do not have a way to explicitly solve this equation.  Look back at Exercise 6; which two consecutive integers have  between them? 
We are looking for the base of the exponent that produces a rate of change on a small interval near  that is .  When that base is , the value of the rate is roughly .  When the base is , the value of the rate is roughly .  Since , the base we are looking for is somewhere between  and .

d. Use your calculator and a guess-and-check method to find an approximate value of to  decimal places. 
Students may choose to use a table such as the following.  Make sure that students are maintaining enough decimal places of  to determine which value is closest to .
	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	


Then .

8. Verify that for the value of  found in Exercise , ,where .  

When the height of the water increases by a factor of  units per second, the height at any time is equal to the rate of change of height at that time.

Discussion (2 minutes)
If there is time, perform the calculation of  several more times, over smaller and smaller time intervals and finding more and more digits of .  If not, then just present students with the fact below.  MP.8

What happens to the value of ?   
· If we were to keep finding the average rate of change of the function  on smaller and smaller time intervals and solving the equation , we would find that the height of the water increases by a factor that gets closer and closer to the number .
The number that this process leads to is called Euler’s number, and is denoted by .  Like,  is an irrational number so it cannot be accurately represented by a decimal expansion.  The approximation of to  decimal places is . 
Like ,  is important enough to merit inclusion on scientific calculators.  Depending on the calculator,  may appear alone, as the base of an exponential expression , or both.  Find the  button on your calculator and experiment with its use.  Make sure you can use your calculator to provide an approximation of  and use the button to calculate  and .

Closing (4 minutes)
Summarize the lesson with the students and ensure the first two points below are addressed.  Have students highlight what they think is important about the lesson in writing or with a partner.  Use this as an opportunity to informally assess learning. 
We just discovered the number , which is important in the world of mathematics.  It naturally occurred in our water tank exploration.  It also occurs naturally in many other applications, such as finance and population growth.
Just as we can create and use an exponential function  or , we can also create and use an exponential function .  The interesting thing about the exponential function base is that the rate of change of this function at a value  is the same as the value of this function at .
Euler’s number will surface in a variety of different places in your future exposure to mathematics and you will see how it is one of the numbers on which much of the mathematics we practice is based.
Lesson Summary
· Euler’s number, , is an irrational number that is approximately equal to .
· AVERAGE RATE OF CHANGE:  Given a function  whose domain contains the interval of real numbers  and whose range is a subset of the real numbers, the average rate of change on the interval  is defined by the number



Exit Ticket (3 minutes) 

Name                 							         		Date              		         
Lesson 6:  Euler’s Number, 

Exit Ticket

Suppose that water is entering a cylindrical water tank so that the initial height of the water is and the height of the water doubles every  seconds.  Write an equation of the height of the water at time  seconds.  












Explain how the number  arose in our exploration of the average rate of change of the height of the water in the water tank.






Exit Ticket Sample Solutions

1. Suppose that water is entering a cylindrical water tank so that the initial height of the water is and the height of the water doubles every  seconds.  Write an equation of the height of the water at time  seconds.  


Explain how the number  arose in our exploration of the average rate of change of the height of the water in the water tank.
We first noticed that if the water level in the tank was doubling every second, then the average rate of change of the height of the water was roughly  times the height of the water at that time.  And if the water level in the tank was tripling every second, then the average rate of change of the height of the water was roughly  times the height of the water at that time.  When we went looking for a base so that the average rate of change of the height of the water was  times the height of the water at that time, we found that the base was roughly .  Calculating the average rate of change over shorter intervals gave a better approximation of .


Problem Set Sample Solutions
Problems 1–5 address other occurrences of  and some fluency practice with the number , and the remaining problems focus on the average rate of change of a function.  The last two problems are extension problems that introduce some ideas of calculus with the familiar formulas for the area and circumference of a circle and the volume and surface area of a sphere. 

1. The product  is called  factorial and is denoted by .  Then , and for any positive integer , .   
a. Complete the following table of factorial values:
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	



b. Evaluate the sum .  
 

c. Evaluate the sum .
 

d. Use a calculator to approximate the sum  to  decimal places.  Do not round the fractions before evaluating the sum. 


e. Use a calculator to approximate the sum  to decimal places.  Do not round the fractions before evaluating the sum.

f. Use a calculator to approximate sums of the form  to  decimal places for
.  Do not round the fractions before evaluating the sums with a calculator.  
If , the sum is .
If , the sum is .
If , the sum is .
If , the sum is .
If , the sum is .
If , the sum is .

g. Make a conjecture about the sums  for positive integers  as  increases in size. 
It seems that as  gets larger, the sums  get closer to .

h. Would calculating terms of this sequence ever yield an exact value of ?  Why or why not?
No.  The number  is irrational so it cannot be written as a quotient of integers.  Any finite sum  can be expressed as a single rational number with denominator , so the sums are all rational numbers.  However, the more terms that are calculated, the closer to  the sum becomes, so these sums provide better and better rational number approximations of .

Consider the sequence given by the function , where  is an integer. 
i. Use your calculator to approximate the first  terms of this sequence to  decimal places.


j. Does it appear that this sequence settles near a particular value? 
No, the numbers get bigger, but we cannot tell if it keeps getting bigger or settles on or near a particular value. 



k. Use a calculator to approximate the following terms of this sequence to  decimal places. 
i. 			
ii.  			
iii. 			
iv. 			
v.   			
vi.  			
vii.  			

l. Does it appear that this sequence settles near a particular value?
Yes, it appears that as  gets really large (at least ), the terms  of the sequence settle near the value of .

m. Compare the results of this exercise with the results of Problem 1.  What do you observe?
It took about terms of the sum in Problem 1 to see that the sum settled at the value , but it takes  terms of the sequence in this problem to see that the sum settles at the value .

If  and , express  in terms of  and approximate to the nearest whole number.
If  and , then .  Rewriting the right side in an equivalent form gives 
.

[bookmark: _GoBack]If  and , express  in terms of  and approximate to four decimal places.
If  and , then .  Rewriting the right side in an equivalent form gives 
.

If  and , show that  and approximate  to the nearest whole number.
Rewrite the equation  to isolate the variable . 

By the substitution property, if  and , then .  Rewriting the right side in an equivalent form gives .



The following graph shows the number of barrels of oil produced by the Glenn Pool well in Oklahoma from to
Source:  Cutler, Willard W., Jr. Estimation of Underground Oil Reserves by Oil-Well Production Curves, U.S. Department of the Interior, 1924.

n. Estimate the average rate of change of the amount of oil produced by the well on the interval  and explain what that number represents.
Student responses will vary based on how they read the points on the graph.  Over the interval , the average rate of change is roughly 

This says that the production of the well decreased by an average of about  barrels of oil each year between and  

o. Estimate the average rate of change of the amount of oil produced by the well on the interval  and explain what that number represents.
Student responses will vary based on how they read the points on the graph.  Over the interval , the average rate of change is roughly 

This says that the production of the well decreased by an average of about  barrels of oil per year between  and  

p. Estimate the average rate of change of the amount of oil produced by the well on the interval  and explain what that number represents.
Student responses will vary based on how they read the points on the graph.  Over the interval , the average rate of change is roughly 

This says that the production of the well decreased by an average of about  barrels of oil per year between and . 
q. Compare your results for the rates of change in oil production in the first half and the second half of the time period in question in parts (b) and (c).  What do those numbers say about the production of oil from the well? 
The production dropped much more rapidly in the first three years than it did in the second three years.  Looking at the graph, it looks like the oil in the well might be running out, so less and less can be extracted each year. 

r. Notice that the average rate of change of the amount of oil produced by the well on any interval starting and ending in two consecutive years is always negative.  Explain what that means in the context of oil production.
Because the average rate of change of oil production over a one-year period is always negative, the well is producing less oil each year than it did the year before.  

5. The following table lists the number of hybrid electric vehicles (HEVs) sold in the United States between and .  
	Year
	Number of HEVs
sold in U.S.
	
	Year
	Number of HEVs
sold in U.S.

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	


Source:  U.S. Department of Energy, Alternative Fuels and Advanced Vehicle Data Center, 

a. During which one-year interval is the average rate of change of the number of HEVs sold the largest?  Explain how you know. 
The average rate of change of the number of HEVs sold is largest during  because the number of HEVs sold increases by the largest amount between those two years. 

b. Calculate the average rate of change of the number of HEVs sold on the interval  and explain what that number represents.
On the interval , the average rate of change in sales of HEVs is.  This means that during this one-year period, HEVs sere selling at a rate of  vehicles per year. 

c. Calculate the average rate of change of the number of HEVs sold on the interval  and explain what that number represents.
On the interval , the average rate of change in sales of HEV is.  This means that during this five-year period, HEVs were selling at an average rate of  vehicles per year. 

d. What does it mean if the average rate of change of the number of HEVs sold is negative?
If the average rate of change of the vehicles sold is negative, then the sales are declining.  This means that fewer cards were sold than in the previous year.  

Extension: 
6. The formula for the area of a circle of radius  can be expressed as a function .
a. Find the average rate of change of the area of a circle on the interval .


b. Find the average rate of change of the area of a circle on the interval .


c. Find the average rate of change of the area of a circle on the interval .


d. Find the average rate of change of the area of a circle on the interval .


e. What is happening to the average rate of change of the area of the circle as the interval gets smaller and smaller?
The average rate of change of the area of the circle appears to be getting close to .

f. Find the average rate of change of the area of a circle on the interval  for some small positive number .


g. What happens to the average rate of change of the area of the circle on the interval  as ?  Does this agree with your answer to part (d)?  Should it agree with your answer to part (e)?
As , , so as  gets smaller, the average rate of change approaches .  This agrees with my response to part (e), and it should because as , the interval  gets smaller.

h. Find the average rate of change of the area of a circle on the interval  for some positive number  and some small positive number .

i. What happens to the average rate of change of the area of the circle on the interval  as ?  Do you recognize the resulting formula?
As , the expression for the average rate of change becomes , which is the circumference of the circle with radius .

The formula for the volume of a sphere of radius  can be expressed as a function .  As you work through these questions, you will see the pattern develop more clearly if you leave your answers in the form of a coefficient times Approximate the coefficient to five decimal places.
j. Find the average rate of change of the volume of a sphere on the interval .


k. Find the average rate of change of the volume of a sphere on the interval .


l. Find the average rate of change of the volume of a sphere on the interval .


m. Find the average rate of change of the volume of a sphere on the interval .


n. What is happening to the average rate of change of the volume of a sphere as the interval gets smaller and smaller?
The average rate of change of the volume of the sphere appears to be getting close to .

o. Find the average rate of change of the volume of a sphere on the interval  for some small positive number .


p. What happens to the average rate of change of the volume of a sphere on the interval  as ?  Does this agree with your answer to part (e)?  Should it agree with your answer to part (e)?
As , the polynomial .  Then the average rate of change approaches . This agrees with my response to part (e), and it should because as , the interval  gets smaller.
q. Find the average rate of change of the volume of a sphere on the interval  for some positive number  and some small positive number .


r. What happens to the average rate of change of the volume of a sphere on the interval  as ?  Do you recognize the resulting formula?
As , the expression for the average rate of change becomes , which is the surface area of the sphere with radius . 
Oil Well Production, Glenn Pool, Oklahoma
1910	1911	1912	1913	1914	1915	1916	3361	1787	1175	854	478	430	309	Year
Oil production per year, in barrels
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