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Lesson 5:  Scale Factors 

Student Outcomes
Students prove the dilation theorem:  If a dilation with center  and scale factor  sends point  to  and  to , then .  Furthermore, if  and ,, and  are the vertices of a triangle, then 

Students use the dilation theorem to show that the scale drawings constructed using the ratio and parallel methods have a scale factor that is the same as the scale factor for the dilation.

Lesson Notes 
In the last lesson, students learned about the triangle side splitter theorem, which is now used to prove the dilation theorem.  In Grade 8 students learned about the fundamental theorem of similarity (FTS), which contains the concepts that are in the dilation theorem presented in this lesson.  We call it the dilation theorem at this point in the module because students have not yet entered into the formal study of similarity.  Some students may recall FTS from Grade 8 as they enter into the discussion following the Opening Exercise.  Their prior knowledge of this topic will strengthen as they prove the dilation theorem.  

Classwork 
Opening Exercise (5 minutes) 
Have students participate in a Quick Write.  A Quick Write is an exercise where students write as much as they know about a particular topic without concern for correct grammar or spelling.  The purpose of a Quick Write is for students to bring to the forefront all of the information they can recall about a particular topic.  Show the prompt below, then allow students to write for two minutes.  Give students one minute to share Quick Writes with a partner; then select students to share their thoughts with the class. Scaffolding:
An alternate exercise is described below. There are visual aids to help students make sense of the prompt.  Student responses should be the same for those that need the visual as for those that do not.


Opening Exercise
Quick Write:  Describe how a figure is transformed under a dilation with a scale factor  , and 
Sample student responses should include the following points:
A dilation with a scale factor of  produces an image that is congruent to the original figure.
A dilation with a scale factor of  produces an image that is larger in size than the original, but the angles of the figure are unchanged, and the lengths of the larger figure are proportional with the original figure.
A dilation with a scale factor of  produces an image that is smaller in size that the original, but the angles of the figure are unchanged, and the lengths of the smaller figure are proportional with the original figure.


As an alternative exercise, consider showing students the following three diagrams, and ask them to describe how each of the figures has been transformed with respect to the scale factor of dilation.  State that in each of the figures,  has been dilated from center  by some scale factor to produce the image   Some groups of students may benefit from seeing only one figure at a time and having a partner discussion prior to sharing their thoughts with the whole class.  The sample responses above apply to this alternative exercise.






Discussion (20 minutes)
State the dilation theorem for the students and then allow them time to process what the theorem means.

Discussion
DILATION THEOREM:  If a dilation with center  and scale factor  sends point  to  and  to , then .  Furthermore, if  and , and  are the vertices of a triangle, then   

Describe in your own words what the dilation theorem states.
Provide students time to discuss the meaning of the theorem with a partner, and then select students to share their thoughts with the class.  Shown below is a sample student response.  Consider scripting responses that you believe your students would give.  Be sure to elicit facts (1) and (2) from students to ensure their understanding of the theorem.  Some students may comment on the lengths of , ,, and   These comments should be acknowledged, but make it clear that the dilation theorem focuses on the parts of a diagram that were not dilated; that is, the points  and  were dilated, so we have an expectation of what that means and where the images of those points will end up.  Our focus with respect to the theorem is on the segments  and  and what happens to them when the points  and  are dilated.
· The dilation theorem states two things:  (1) If two points,  and  are dilated from the same center using the same scale factor, then the segment formed when you connect the dilated points  and  is exactly the length of  multiplied by the scale factor, and (2) the lines containing the segments  and  are parallel or equal.  
· For example, if points  and  are dilated from center  by a scale factor of , then the lines containing the segments  and  are parallel and , as shown below.
[image: ]

The dilation theorem is an important theorem.  In order to prove that the theorem is true, we will use the triangle side splitter theorem (from the last lesson) several times.  When we use it, we will be considering different pairs of parallel lines.  



Consider the dilation theorem for   What impact does a scale factor of  have on a figure and its image?  (Encourage students to use what they wrote during the Quick Write activity from the Opening Exercise.)
·  When the scale factor is , then the figure will remain unchanged.  The scale factor being equal to  means that each point is taken to itself, i.e., a congruence.    
Consider the dilation theorem with the scenario of , , and  not being the vertices of a triangle but in fact collinear points, as shown below.  What impact does that have on the figure and its image?
[image: ]
· If the points , , and  are collinear, then the dilated points  and  remain on the line, and center  does not move at all.  
A dilation of collinear points from a center with scale factor  can be used to construct the number line. 
To clarify the statement that “can be used to construct the number line,” consider showing the series of diagrams below.  Begin with the center of dilation at zero and the point  being 1 on the number line and consider dilations of the point from the center at zero.  The successive lines below show how the point  moves when the scale factor of dilation is increased from  to 

   [image: ]
[image: ]
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         [image: ]
How is the location of the dilated point  related to  and ?MP.8

· The location of the dilated point was exactly 

We could continue to dilate the point  by different scale factors to get all of the positive numbers on the number line.  We can construct each fraction on the number line by dilating  by that fraction.  A rotation of  around the center at zero of the whole numbers and fractions is a way to construct any rational number.  If we considered rational and irrational scale factors, then we get all of the real numbers, i.e., the entire real number line.  

Note that we do not state that the rational and real number lines can be achieved using a negative scale factor of a dilation.  Applying a negative scale factor has the same effect as a  rotation (or a reflection across zero) composed with a dilation whose scale factor is the absolute value of the negative scale factor.  We do not complicate the issue by introducing a new formalism “negative dilation” into the lesson and, more broadly, the module.  Therefore, all dilations have a positive scale factor.

Assume that points  and  are numbers  and  on a number line, and point , the center of dilation, is the number zero.  The points  and  correspond to the numbers  and   Explain why the distance between  and  is  times the distance between  and   Use a diagram below if necessary.MP.3


[image: ]

Provide students time to discuss with a partner.  Then select students to share with the class.  A sample student response is shown below.
· The distance between points on the number line is the absolute value of their difference.  For example, the distance between  and  is  units.  Then the distance between  and  is .  By the distributive property, , and since  must be positive, .  In terms of the numeric example, if , , and  is the scale factor of dilation, then Scaffolding:
Students may need to see one or more numerical examples similar to the one in the sample response to arrive at the general statement.


Therefore, the distance between  and  is exactly  times the distance 
between  and . 

The remaining part of this discussion uses the triangle side splitter theorem to prove the dilation theorem.  The goal is to use what we know about dilation, the triangle side splitter theorem, and the properties of parallelograms to explain why  and   Show each step of the proof and ask students to provide reasoning for the steps independently, with a partner, or in small groups.

Now consider the dilation theorem when , , and  are the vertices of .  Since  and  come from a dilation with scale factor  and center , we have   
There are two cases that arise; recall what you wrote in your Quick Write.  We must consider the case when  and when   Let’s begin with the latter.
Dilation Theorem Proof, Case 1
	Statements
	Reasons/Explanations

	
[image: ]



A dilation with center  and scale factor  sends point  to  and  to 







A dilation with center  and scale factor  sends point  to  and point  to .  Draw . 

[image: ]



 is a parallelogram.
	











Given.


By definition of dilation: Corresponding lengths are proportional, and the ratio of the corresponding lengths are equal to the scale factor 


By the triangle side splitter theorem.


By definition of dilation.












By the triangle side splitter theorem.

By definition of parallelogram.





Consider asking students to state what kind of figure is formed by  and stating what they know about the properties of parallelograms before continuing with the next part of the discussion.  Some students may need to see a parallelogram as an isolated figure as opposed to a figure within the triangles. 

	[image: ]





 



  
	












Opposite sides of parallelogram  are equal in length.

By the triangle side splitter theorem,  splits the sides of proportionally

By substitution (line 2). 

multiplication property of equality.

By substitution (line 6).


[bookmark: _GoBack]
This concludes the proof of Case 1 (when the scale factor of dilation is  of the dilation theorem because we have shown that the dilation with center  and scale factor  sends point  to  and  to , then  and since ,, and  are the vertices of a triangle, then 

Exercises 1–4 (10 minutes) 
Students complete Exercise 1 independently or in pairs.  Upon completion of Exercise 1, select students to share their proofs with the class.  Then have students complete Exercises 2–4.  Review the work for Exercises 2–4.  Note that Exercise 4 is revisited in the Closing of the lesson as well.





Exercises 1–4Scaffolding:
· Consider having students compare and contrast this exercise with the proof they just finished.  They should notice that the only difference is the scale factor of dilation.  
· It may be necessary to ask students the following questions to guide their thinking:
In the last proof, we constructed a line segment  that split the sides  and  of  and is parallel to side .  How will that differ for this figure?
If we apply the triangle side splitter theorem, what do we know about  and ?
What properties of a parallelogram will be useful in proving the dilation theorem?   


1. Prove Case 2:  If , , and  are the vertices of a triangle and , show that (a)  and (b) .  Use the diagram below when writing your proof. 
[image: ]







Case 2:  If ,  splits the sides  and  of  proportionally.  By the triangle side splitter theorem .  Next, we construct a line segment  that splits the sides of  and is parallel to side .  By the triangle side splitter theorem,  splits the sides proportionally and so .  Now because the lengths of opposite sides of parallelogram  are equal.  So  and .

2. 
a. Produce a scale drawing of  using either the ratio or parallel method with point  as the center and a scale factor of  .  
[image: ]
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b. Use the dilation theorem to predict the length of , and then measure its length directly using a ruler.  
Lengths of the line segments can vary due to copy production.  By the dilation theorem, it should be predicted that .  This is confirmed using direct measurement.  

c. Does the dilation theorem appear to hold true?
The dilation theorem does hold true.


3. Produce a scale drawing of  with point  as the center and a scale factor of  .  Use the dilation theorem to predict , and then measure its length directly using a ruler.  Does the dilation theorem appear to hold true?
Lengths of the line segments can vary due to copy production.  By the dilation theorem, it should be predicted that .  This is confirmed using direct measurement. 










4. Given the diagram below, determine if  is a scale drawing of .  Explain why or why not.
[image: ]











No.  If  was a scale drawing of , then   by the dilation theorem.  


The ratios of the corresponding sides are not equivalent, so the drawing is not a scale drawing.

Closing (5 minutes)
Revisit Exercise 4 above.  Ask students whether or not  is parallel to   Students should respond that because the side lengths were not in proportion that  is not a scale drawing of , and we would not expect the lines containing  and  to be parallel.  Next, ask students to verbally complete the following in order to informally assess their understanding of the dilation theorem and its proof.
· Restate the dilation theorem in your own words.
· Explain how the triangle side splitter theorem was used to prove the dilation theorem.
If time permits, ask students the following question.
· We discussed how dilation was used to produce a number line.  What other everyday objects may have been created in this manner?
· Any everyday object that is divided into equal parts can be produced using dilation, e.g., a ruler or thermometer.  

Exit Ticket (5 minutes) 



Name                 							         		Date              		         
Lesson 5:  Scale Factors

Exit Ticket

1. Two different points  and  are dilated from  with a scale factor of , and .  Use the dilation theorem to describe two facts that are known about .   






1. Which diagram(s) below represents the information given in Question 1?  Explain your answer(s).  
1. [image: ] 








 
1. [image: ] 						

Exit Ticket Sample Solutions

1. Two different points  and  are dilated from  with a scale factor of  and .  Use the dilation theorem to describe two facts that are known about .
By the dilation theorem, , so , and  or .

6. Which diagram(s) below could represent your conclusions in question ?  Explain your answer(s). 
a. [image: ] 





Diagram (a) can be a dilation with scale factor  since  and  appear to be  of the distances  and , respectively.  However, because both line segments lie on the same line, . 

b. [image: ] 						









Diagram (b) could be a dilation with scale factor  since  and  appear to be  of the distances  and , respectively.  Because ,, and  are vertices of a triangle, .













Problem Set Sample Solutions
Drawing Not to Scale

1.  is a dilation of  from vertex , and .  Use the given information in each part and the diagram to find .
a. , , and 
 

b. , , and 
  

c. , , and 
  

d. , , and 
  

e. , , and 
  

f. , , and 
 

[image: ]Given the diagram, .  Find . 
 because when two lines are cut by a transversal, such that the corresponding angles are congruent, then the lines are parallel.
 is a scale drawing of  by the parallel method.
 is the image of  after a dilation from  with a scale factor of  . 
 by the dilation theorem.

Use the diagram to answer each part below.
[image: ]









a.  is the dilated image of  from point  with a scale factor of .  Draw a possible .
Placement of the segment will vary; however, by the dilation theorem,  must be drawn parallel to , and because scale factor , point  must be between  and , and point  must be between  and .

b.  is the dilated image of  from point  with a scale factor .  Draw a possible .
Placement of the segment will vary; however by the dilation theorem,   must be drawn parallel to , and because scale factor , point  must be placed such that   is between  and  and  placed such that   is between  and .
Possible solutions.
[image: ]







[image: ]Given the diagram to the right, ,  units2, and units2, find .
 and  have the same altitude, so the lengths of their bases are proportional to their areas.

Since the triangles have the same height , the ratio of 
 is equal to the ratio .

[image: ]If , then  is a scale drawing of  from  with a scale factor of .  Therefore,  is the image of , and  is the image of  under a dilation from point .  By the dilation theorem: 

The length of segment  is units.



Using the information given in the diagram and , find  on  such that  is an altitude.  Then find  and .
[image: ][image: ]Altitude  is perpendicular to ; thus, .  Since , then it follows that  by corresponding ' s converse.  So,  is a scale drawing of  by the parallel method.  Therefore,  is the image of  and  is the image of  under a dilation from  with a scale factor of  .  
By the dilation theorem:

By the Pythagorean theorem:

Since  is the image of  under the same dilation:

By addition:

The length of  is units, and the length of  is  units.
[image: ][image: http://mirrors.creativecommons.org/presskit/buttons/80x15/png/by-nc-sa.png][image: ]Lesson 5:	Scale Factors
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